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ABSTRACT

This paper preserts an algorithm and its implementation
for computing the approximate GCD (greatest common di-
visor) of multiv ariate polynomials whosecoe cien ts may be
inexact. The method and the companion software appears
to bethe rst practical packagewith such capabilities. The
most signi cant features of the algorithm are its robustness
and accuracy as demonstrated in the results of computa-
tional experiment. In addition, two variations of a square-
free factorization algorithm for multiv ariate polynomials are
proposedas an application of the GCD algorithm.

Categoriesand Subject Descriptors

G.1.5 [Mathematics of Computing ]: Roots of Nonlin-
ear Equations { Iterativ e methods; methods for polynomi-
als; G.4 [Mathematics of Computing ]: Mathematical
Software { Algorithm designand analysis; D.2.8 [Soft ware
Engineering ]: Metrics| performance measures

General Terms
polynomial, greatest common divisor, squarefree,factoriza-
tion

1. INTR ODUCTION

In this paper we presert an algorithm and its companion
software packagethat compute the approximate GCD (great-
est common divisor) of multiv ariate polynomials whose co-
e cien ts may be perturb ed. As an application, we also in-
tro ducestwo variations of a squarefreefactorization method
for inexact polynomials.

As surveyed in [13], GCD- nding is one of the basic opera-
tions in algebraic computation with a wide range of applica-

This is the secondpart of the seriesfor computing the ap-
proximate GCD. Copies of Part | [13] along with software
packagesuvGCD and mvGCD are available from the au-
thors upon request.
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tions. The multiv ariate GCD in particular, can be applied
to engineering problems such as image restoration [9, 11]
where the given polynomials contain noises. Sameasin the
univariate case,the existing symbolic GCD- nders may not
be suitable for inexact polynomials since GCD computation
is in nitely sensitive to perturbations. Therefore, robust
algorithms capable of computing the approximate GCD of
inexact polynomials is neededfor practical problems.

GCD- nding alsoappearsfrequently asa componert of other
algebraic computations. For example, the irreducible fac-
torization of an inexact multiv ariate polynomial is an open
challenge of symbolic computation [5]. In seweral approaches
for solving this problem, the polynomial is required to be
squarefree, while the approximate GCD computation may
be necessaryto extract squarefree componerts [3, 4] if the
given polynomial has repeated factors.

Compared with univariate case,the dicult y level of mul-
tivariate GCD computation appears much higher. While
previous methods may not be convincing enough in robust-
nessfor univariate GCD, the endeavors in the multiv ariate
caseare at even earlier stagesof developmert. Nevertheless,
the approximate GCD computation for multiv ariate poly-
nomials has been studied in many reports since 1970's [1].
A possible extension of a univariate GCD is briey outlined
in [2] by Corless, Gianni, Trager and Watt. Other methods
include polynomial remainder sequence[10] by Sasaki and
Sasaki, generalized subresultant method [8] by Ochi, Noda
and Sasaki, as well as Hensellifting strategy [16, 17] by Zhi,
Li and Noda. A Sylvester-like resultant method is proposed
by Phillai and Liang in the context of image restoration [9].
All those approaches are promising. However, we have not
seencompleted implementations either as stand-alone soft-
ware or as build-in functions in computer algebra packages.

We intro duce a blackbox-type algorithm along with the re-
lease of an implementation mvGCD , which appears to be
the rst practical software for computing the approximate
GCD of multiv ariate polynomials. The contribution of this
paper includes an original design of a three stage algorithm
described in x5. At Stagel, the degreeof the GCD in eac
variable is determined using the robust univariate GCD al-
gorithm that is preserted in Part | [13] of this series. Once
the degreestructure is identi ed, the GCD factors are ob-
tained at Stage Il in an iterativ e null vector computation
and a least squaresdivision. To achieve the optimal robust-



nessand accuracy, the GCD factors are re ned and certi ed

at Stagelll asa least squaressolution to an overdetermined
quadratic system. In theoretical aspects, we provide a rigor-
ous formulation of the approximate GCD that removesthe
ill-p osednessof exact GCD nding. Moreover, we intro duce
an approximate GCD condition number and error bound,
along with other analytical issuesin x4. Extensive comput-
ing results are shown in X7. In x6, we presert two versions
of a squarefreefactorization method.

2. A BRIEF INTR ODUCTION

ATE ALGORITHM
The univariate GCD algorithm and its implementation pre-
serted in Part | [13]is an indispensable componert for the
multiv ariate GCD computation. The algorithm is mainly
based on numerical matrix computation. For a given pair
of univariate polynomials p and g, we seeka GCD triplet
(u; v;w) such that, with boldface letters represerting corre-
sponding coe cien t vectors,

TO THE UNIV ARI-

uv=f; uw=g rfu=1 (1)

The rst stage of the computation is to nd the degreesof
u. For that purpose, a sequenceof Sylvester subresultant
matrices So(p;q); Si(p;q); is constructed one-by-one,
using the coe cien ts of p and g, until the rst rank-de cient
matrix Sp (p;q) emerges.Here n is the higher degreeof p
and g, while matrix rank is in approximate sense[6]. Then
the degreeof u is k, while the coe cien t vectors v and w
are extracted from the null vector of S, «(p;Q).

To avoid the unstable synthetic division, u is obtained via
solving a linear least squaresproblem. The obtained coe -

cient vectorsu, v and w are an initial approximation to the
GCD triplet (u;v;w).

With the degreesof u, v, and w, the system (1) can be
formulated as an overdetermined quadratic system

F(u;v;w)=0 (2)

Solving this system is proved to be a regular problem in
contrast to an ill-p osedone in exact GCD- nding. Since a
good approximation hasbeenobtained asthe initial iterate,
the Gauss-Newton iteration applied on the system (2) con-
verges. The outcome of the Gauss-Newton iteration serves
two objectives. For one, it provides a re nement for the
GCD triplet and reachesthe highest possible accuracy per-
missible by the GCD condition number. At the sametime
the residual of (2) provides a measuremen for the back-
ward error, which is the distance of (p;q) to a polynomial
pair with exact GCD in u.

The univariate GCD algorithm is implemented as a package
uvGCD in both Maple and Matlab. The numerical testing
demonstrates its tremendous robustness and high accuracy
compared with existing software. In addition to its essetial
role in the multiv ariate algorithm here, it has also beenin-
tegrated in a new root- nding packageMul tR oot [15]that
is capable of calculating multiple roots with high accurately
without extending machine precision even if the polynomial
is inexact.

3. NOT ATION
Unless otherwise speci ed, polynomials are "-variate in vari-
ables x1, , X= with complex coe cien ts. The complex

vector space of dimension k is denoted by C*. For every
vector or matrix (), the notation ()> represens the trans-
poseof (), and ()" the Hermitian adjoint (i.e. conjugate
transpose). For any full (column) rank matrix A of m n
with m n, A* = (AP A) A" is the pseudo-inverse of
A. We say a polynomial p has an “-degree n = [ni; in+],
denoted by deg(p) = n, if the univariate degreeof p in x; is
n; forj = 1, ;. For example, the polynomial

P(X1;X2;X3) = X3Xo + 3X1X3 Bx3x3 8 (3)

has a 3-degreen = [3;2;5]. We sa an -degreem =
[mq; ;m-] is lessthan or equal to n = [ng; ;n], or
m n, if m; nj,j=1 ;. Every "-degreeis denoted
by a boldface letters, say n, with the sameletter in plain up-
per case,s&y N, denoting the dimension of the vector space
P, consisting of all polynomials with “-degreelessthan or
equal to n. It is easyto seethat

def

N= (n) = (na+1)(n2+1) (n+1) (4)

Degree addition m + n is de ned as vector addition.

3.1 The coecien t vector
For an “-degreen = [ni; ;n-], let P, be the complex
vector spaceof all polynomials with “-degreeno larger than

n. Naturally , there is a monomial basis
n 0

xiixz o xU [i; i)l n (5)

for P,. In practice a convenient ordering of monomials needs
to be specied. Within P, we usethe pure lexicographical
order (plex) with x1 < Xz < < x-. When [i1; ;i*] n
the monomial xi* x!" will besaidto be the j-th mono-
mial in P, if it is the j-th smallest monomial in this ordering.

The index j can be calculated by

. #
X Ry 1
j=1+ ik (n, +1) ; with (n,+1) 1. (6)
k=1 1=1 1=1
We therefore have an ordered basis p,; ;p, for Pn,
where p; is the j-th monomial in P, forj = 1; PN Every
polynomial p 2 P,, as a linear combination p = 1N=1 ip
of pj's, corresponds to a unique coe cien t vector
n(P=p=(. ) 2C%

For example, the polynomial p in (3) corresponds to the co-
ecientvectorp=( ,; ; ,)° with j's being zeroex-
cept ,= 8 ,=1, = 5 = 3. Throughout
this paper, a polynomial is denoted by a lower caseletter,
say p, with the same letter in boldface, say p denote the
coe cien t vector, while , : P, ! CN denotesthe map-
ping that converts a polynomial p2 P, to p 2 CN. Notice
that a polynomial p 2 P, can also be consideredan elemert
in Py for every k > n, while , and  maps samep to
di eren t coe cien t vectorsin CN and CK respectively. The
meaning of p should be clear from context.

3.2 The convolution matrix
Fora xed f 2 P, and any g 2 Pn, the polynomial multi-
plication f g is regarded as a linear transformation

Fm :Pm ! Pm+n with Fn(g)=fog:

With the ordered monomial basesfor Pn, Pm and Ph+m
de ned in x3.1, there is a matrix Cn, (f ) of dimension (m+



n) (m) assciated with the linear transformation Fp
such that Cr, (f ) maps every coe cien t vector in C¥ into a
coe cien t vector in C (M*") in the manner of

Cm(f) m(9)=

This matrix in univariate caseis called a convolution matrix
with a Toeplitz structure [13]. For conveniencewe also call
Cm (f) the convolution matrix assaiated with m and f .

m+n(f g); forevery g2 Pp:

We can construct the convolution matrix Cp, (f) in a stream-

lined processas follows. Let ;04 bethe ordered
monomial basisfor Pn, and g = jle ig. Then n(Q)=
g=(1 ; m) and
|
X oW
Cm(f)g = n+m f ig = i nem(f Q)
j=1 j=1
2 3
1
= wn(fQ) 5 aem(fg) 4 0 &
M
Namely,
h [
Cn(f)=  nem(fa); 5 nem(fqy) )

More specically, let g = xil1 x!" bethe j-th monomial
in Pn. Then fq is obtained by changing every term in
xk1 XX of f to aterm in x¥1*'t XX with the same
coe cien t. From this obsenation, the following procedure

is designedto construct the convolution matrix Cp ().

Input: n = [ng; ;n'], m=[my; ;m-], 2Py,
Set A asa zeromatrix of dimension (n+ m) (m).
Replacethe rst column of A with .+ m ().
For j = 2 M do
{ Find the j-th monomial x}*  x!" in Py,
{ Set . 4
X Y1
i (n +m +1) (8)
=1 =1

{ Form a vector b; 2 C ("*™) by moving every
nonzero entry of n+m(f) down ; positions.

{ Replacethe j-th column of A with bj.
End do
Output A asCp (f).

For example, let p be given in o
(3), the structure of Cp.3.4(f) is =
shown in Figure 1. This convolu- -l =
tion matrix is of dimension 360 60 100 |- =
where the samefour nonzero entries ool <
8;1; 5;3 ordered from top down . ~
appear in every column. Convolu- =eor v~ 7
tion matrices for multiv ariate poly- zsol >
nomials can be quite large. When a o~
given polynomial is sparselike p in =T ]
(3), the convolution matrix is also ssof 3
sparse. As shown in Figure 1, there ne = zae
are only 240 nonzero entries (about Figure 1: A con-

1% of all entries) in Cp.3.4(p). volution  matrix

The structure of convolution matrices is also convenient for
storage. The minimum storage requirement consists of only
the nonzero entries in the rst column aswell asthe j'sin
(8). The other columns can be generated on demand.

4, THEORETICAL BASIS FOR THE ALGORITHM
For simplicity, we use EGCD for \exact GCD" and AGCD
for \appro ximate GCD". We shall de ne AGCD later in
this section. Two polynomials f and g are called co-prime
if there is no non-constant polynomial divides both f and g.
For any polynomial pair (p;q), if there is a triplet (u;v;w)
of polynomials such that

p=uv; g=uw; v andw are co-prime 9)

then u is called an EGCD of (p; q), denotedby u = GCD (p;q),
with co-factors v and w. We also call (u;v;w) an EGCD
triplet of p and g. The EGCD triplet is unique up to con-
stant multiples. We use the Euclidean norm on the coe -
cient di erence asthe distance between polynomials.

4.1 The AGCD and its regularit 'y

Let the "-degreesof p and g be m and n respectively. The
objective is to nd an "-degreek and to solve a quadratic
system (9) in the form of

F(z)=b (10)
for z where
2 3 2 3
rfu 1 u 0
F(z)=4 Cyn «k(Wu5;z=4v 5, b=4p5; (1
Ch k(W)u w q

rru2cf;vac ™M Kwa2c K. p2cM; g2cN:

The vector r in (11) is a scaling vector that will be speci-
ed in x5.3. The system (10) is generally overdetermined.
When p and g are inexact, there are no convertional solu-
tions to (10). Instead, we seek a least squares solution to
(10) that minimizes the nearness kF(z) bk,. Sameasin
[13, Lemma 1], the minimum occurs at a point z where

J@"[F(z) bl=o
Here,
2 3
r
J@2)=4 C(v) Cm «(u) N (%))
Ck(W) Cn k(u)

is the Jacobian of F(z). Similar to the univariate case[13,
De nition 1], we de ne the AGCD as follows.

Definiton 1. Let p and g be "-variate polynomials of
“-degrees m and n respectively. A polynomial u is called
an AGCD of p and q within tolerance " > 0 if u is of
the highest "-degree k along with co-factors v 2 P,  and
w 2 P, « that form z in (11) satisfying kF(z) bk, "
and J(2)"'[F(z) b]= 0, where J(z) given in (12) is the
Jacobian of F(z). For simplicity, we also call (u;v;w) an
AGCD triplet for p and g.

The following proposition is fundamental in establishing the
regularity of AGCD nding.

Pr oposition 1. Let polynomials u, v and w be of *-degrees
k,m k andn Kk respctively. Assuming the saling vec-
tor r satises r" u 6 0 while v and w are co-prime, then the
Jacobian J(z) in (12) is of full (column) rank.



4.2 The sensitivit y and error bound

Let (u;v;w) be an AGCD triplet for p and q. Since the
Jacobian of the system (10) is of full rank, its smallest sin-
gular value is strictly positive. Using the sameargument in
[13, x4], we thereby obtain a sensitivity measuremen and
an asymptotic error bound.

Definition 2. Let (u;v;w) be an AGCD triplet of cer-
tain polynomial pair (p;q) with J(z), z and r being given in
(11) and (12). Let min be the smallest singular value of
J(z). Then = ml is called the AGCD condition number

of (p;q) at the triplgt (u; v; w) assaiated with r.

Pr oposition 2. Let (p;q) and (p;§) be two pairs of "-
variate polynomials with AGCD triplets (u; v;w) and (@; ¥; W)
resgectively, assaiated with saling vector r within a su -
ciently small tolerance ". Assume (p;¢) are su ciently near
(p;q). Then
2 3
4 5

S
s<c

a q , + h:ot: (13)

2

where h:o:t represents higher order terms of the ".

By Proposition 1 and Proposition 2, computing the approx-
imate GCD is a regular problem and no longer ill-p osed.
Under our formulation of AGCD- nding, a tiny perturba-
tion does not necessarily alter the structure of the AGCD
outcome. The sensitivity of the AGCD under perturbation
can be convenierntly measured while the error on the com-
puted AGCD triplet is bounded.

4.3 The AGCD degree
The “-degree of the AGCD can be determined using the
univariate algorithm in [13]. Consider a given pair (p;q) of

polynomials. For a xed s= (si; :s)” 2 C, let
pi() = p(s; s 16s4a;  8)
G = dlsy; s utsa; s)
U = GCD(p:iq); v = gbi wy = g- (14)
=1L
We obtain * pairs of univariate polynomials. If (p;q) hasan

EGCD in u with “-degreek = [ki; k1, then each pair
(p;; g ) has a univariate EGCD u; of a degreemay or may
not equal to k; . When s is chosenrandomly, however, there
is a probabilit y oneto get u; with exact degreek; .

Pr oposition 3. Let (p;q) be a pair of polynomials with
an EGCD in u of “-degree k = [ka; ;k-]. Then for almost
all s2 C, the univariate polynomial pair (p;;q) de ned
in (14) has an EGCD u; = GCD(p;;q) of degree k; for
=1L

For an AGCD triplet (u;v;w) of (p;q), (p;q) is near (p; )
that has EGCD triplet (u;v;w). Therefore (pj;q) is near
(uj vj;ujw;). By calculating the univariate AGCD of eath
pair (p;;g) wecan nd the AGCD "-degreek.

4.4 The AGCD factors

When the "-degreeof the AGCD is known for a given pair
(p; q), the following proposition provides a mechanism for
calculating the co-factors v and w in the AGCD triplet
(u; v;w).

Pr oposition 4. Let p and g be polynomials of "-degrees
m and n respectively. Then u= GCD(p;q) is of “-degree k
if and only if the matrix
h i

Cm «(@ Cn «(P)

is rank-de cient by one. In that casethe null space of Sk (p;q)

:wherev 2 C (M K gndw 2 ¢ (" X

Sk(p;q) =

is spanned by

are coe cient vectors of the co-factors v and w respectively.

In AGCD computation, Sk (p;d) can not be expected to be
exactly rank-de cient. NonethelessSy (p;q) hasits smallest
singular value being tiny, while the corresponding right sin-
gular vector is formed by scaledv and w. After extracting
the co-factors v and w from that right singular vector, we
can solve the linear system

Ck(Vu=p (15)

for its (approximate) least squaressolution u.

4.5 terativ e renemen t

If the “-degreeof the AGCD is known for a given polyno-
mial pair (p;q), the quadratic system (10) can be set up.
Since the Jacobian J(z) is of full rank at the AGCD triplet
(u; v;w) forming z, the Gauss-Newton iteration

J(z)" F(zj) b; j=01 (16)

is well de ned and locally convergert to the AGCD triplet.
Herein (16), z, F(z) and b are de ned in (11) while J(z) is
the Jacobian of F (z) givenin (12).

Zj+1 = Zj

Pr oposition 5. Let p and g be polynomials of "-degrees
m and n respectively with an AGCD triplet (u;v;w) within
tolerance ". Let F, z and b be de ned in (11). Then there
are constants > 0 and > 0 depending on (u;v;w) and "
suchthat if kF(z) bks < and kzo zky, < , then
the Gauss-Newtoniteration (16) convergesto z with a linear
rate. In addition to above assumptions, if kF(z) bk, = 0,
then the convergene is quadratic.

The AGCD factors calculated by the method in x4.4 serve
as initial iterate for the iterativ e re nement (16). As a by-
product, the nearness kF(z) bkz is alsoobtained at the
end of the iteration (16). This nearnesscerties the nal
AGCD triplet (u;v;w).

5. THE ALGORITHM
The algorithm consists of three stages:

Stage |: Calculating the AGCD "-degree.
Stage 11: Calculating the AGCD factors.
Stage 111: Iterativ e re nement if necessary

We describe the details for eac stagein this section.

51 Stage |

Let (p;q) be a given pair polynomials along with a tolerance
" > 0. As shown in x4.3, the components of the AGCD -
degreeare the degreesof * univariate AGCD's. An accurate
and robust univariate AGCD- nder is crucial for the mul-
tivariate case. The univariate AGCD algorithm in [13] and
the companion software uvGCD is suitable for our purp ose.
The procedure of Stage | can be summarized below.



Input: polynomials p and q, residual tolerance ".

Generate a random vector s = (s1; 1s).
For j = 1; ;7 do
{ Form a univariate polynomial pair
pi(t) = p(si; ;s 16 S ;S)
Gg()=dalsi; s ntsa;  ;S)

{ Apply uvGCD to attain the AGCD of (p;;g) as
u; within tolerance ".

{ Setk; = deg(u;).
End do
Output k = [k1; k]

52 Stage |1

This stage mainly involvesmatrix computation. Oncethe -
degreeof the AGCD is identied at Stagel, a Sylvester-like
matrix can be constructed:

Sc(p;d) = Cm k(@ Cn «k(p) ; 7
where the two blocks Cy, «(qg) and C, « (p) are convolution
matrices described in x3.2 with m = deg(p) and n = deg(q).
By Proposition 4, this matrix is rank-de cient by one in
an approximate sense[6]. In other words, the smallest sin-
gular value %of Sk (p;q) is expected to be tiny while the
second smallest one is not. However, computing the full
singular value decomposition (SVD) is unnecessarily costly
since only %and the assaiated right singular vector y are
needed. At the sametime the full SVD may not be able to
take advantage of the sparsestructure of Sy (p; Q).

A method for partial SVD developed in [6] is designed for
calculating the singular pair (%y). Let QR = Sk (p;q) be
the QR decomposition with unitary matrix Q and upper

triangular matrix R. From a random initial iterate yo
8 +
H Hy.
5 via =i 2 é,' y,Ryy.i
(18)

; normalize vy, and set % = kRy; kz;
i=0;1; ; = kRki :

This iteration producestwo sequences

%;%; ' %; and yi1;y2; Iy

The convergencerates are linear for both sequencesand
depend on the squared ratio between the smallest singular
value %and the secondsmallest one [6, Corollary 1]:

% %

2

oy - (19)

% %

where and are constants depending on the initial iterate
Yo. Notice that Sy (p;q) is rank-de cient by onein approxi-
mate sense. Namely the ratio %= 2 is expected to be very
small. Therefore three to v e iterations are usually enough
to obtain an accurate singular vector y.

The singular vector y is of dimension (m k)+ (n k),
where the function is de ned in (4). Oncey is calculated
we extract the AGCD co-factors v and w as coe cien t vec-
tors. The rst (m k) components of y form v and the
remaining components form w. Then we solve the linear
system (15) for its least squaressolution u.

In summary, Stage |l procedureis as follows.

Input: p, g, k
Form the matrix Sk (p;Q).
Get the QR decomposition QR = Sk (p; Q).
For 1 =0;1; do
{ Calculate % and y, by (18).

{ If ky; vy 1k stops decreasingthen
Sety = vy, break the do loop
End if.
End do

Extract v and w from y
Solve (15) for u

Calculate the nearness
q
=  kCy(V)u

pki+ kCe(W)u qgk3
Output the triplet (u;v;w) and

In many applications the nearness " can be enough
to accept (u; v;w) asthe AGCD triplet and the re nement
stage may not be necessary Nevertheless Stage |11 below
provides an option to ensure the optimal robustness and
accuracy in the computed AGCD.

5.3 stage 111

The AGCD triplet (u;v;w) obtained at the end of Stagell is
used as the initial iterate (uo;Vvo;Wo) for the Gauss-Newton
iteration (16), whereF, z and b are de ned in (11) while the
Jacobian J(z) is de ned in (12). There is a scaling vector
r that is not yet specied in those de nitions. Generally, r
can be any vector that is not perpendicular to the AGCD
coe cien t vector u. Since up is already an approximation
to u, we user = uo asthe scaling vector. With those prepa-
rations, we provide the detailed procedure for Stagelll.

Input: p, q, (uUo; Vo;Wo), r.
Form zp with (uo;Vvo;wWo) asin (11) along with b.
For j = 0;1; do
{ Solve J(zj)dj = F(z)
squaressolution.

b for d; as a least

{ Set zj.1 =2z dj.
{ Calculate the nearness #j+1 = kF(zj+1) bko.
{ If the nearness #j+1 stops decreasing,then
Set z = z;, # = #j, break do loop.
End if
End do

Extract (u;v;w) from z.
Output (u;v;w) and nearness#.

In solving J(z;)dj = F(zj) b for its least squaressolution,

the QR decomposition of J(z;) is computed and becomes
available. At the end of Stagelll there is an option to calcu-
late the AGCD condition number with negligible cost. Using
the upper triangular matrix R in the QR decomposition of
the last J(z;). Putting this R into the iteration (18) with

a random initial iterate, the sequence% convergesto the
smallest singular value min of J(zj), while = m?n is
the AGCD condition number.




5.4 Remarks on sparse computation

The dimension of the vector space P, can become huge,
particularly when the number of variables increases. For
example, the polynomial pair (f;g) in x7 Example 1, case
k = 10 has an 11-degree[4; ; 4] where the GCD has an
11-degree[2; ; 2]. A coe cien t vector has a dimension as
large as 5, a personal computer may not be able to store a
single convolution matrix. On the other hand, polynomials
in question are often very sparse. The samepolynomial pair
in that example has a manageable total of 2500 nonzero
coe cien ts.

When the given polynomial pair (p;Qq) is sparse,it is natural
to expect the samefor its AGCD triplet. Whenever a zero
coe cien t in the triplet is identi ed, the corresponding col-
umn in matrices (12) and (17) can be deleted. After deleting
those columns, a large portion of rows in those matrices can
be entirely zero, resulting in matrices of manageablesizes.

There are many possible ways to identify zero coe cien ts.
At the current stage of developmert, we use a total degree
criterion in our software package. If uv = p, then the total
degree of u is lessthan or equal to the total degree of p
minus the largest entry in deg(v). Therefore, any monomial
in u with animpossibletotal degreemust be assaiated with
a zero coe cien t. Samecriterion also eliminates coe cien ts
in co-factorsv and w. As aresult, the matrix S (p;q) in the
same example shrinks to the size 12376 156. This matrix
may still be considered large. Nonethelessit can easily be
handled by personal computers.

6. SQUAREFREE FACTORIZA TIONS

A GCD- nder naturally leadsto methods for squarefreefac-
torizations of polynomials if it is robust enough to handle
recursive GCD computation. On the other hand, square-
free factorizations provide a stern test of robustnessfor any
GCD-nder. Here, p = p{'t p/* is called a square-
free factorization of p if none of the p;'s have repeated non-
constant factors. An approximate squarefree factorization
(ASFF) is, roughly speaking, an exact squarefreefactoriza-
tion of a nearby polynomial.

As a closely related problem, the approximate irreducible
factorization is proposed as Open Problem 1 in Challenges
of symholic computation [5]. By simplifying this open prob-
lem tremendously, an ASFF becomesa prerequisite for ap-
proaches such as[3, 4] in nding an irreducible one.

For an “-variate polynomial pandj 2 f1; ;°g, let @p
denote the partial derivative of p with respect to the j-th
variable. For any vector a = ( 1; P N) 2 C, we de-
ne @p=( 1@+ + @) p. The following proposition
establishesa squarefreetest criterion.

Pr oposition 6. Let p bean -variate polynomial. If there
isan a2 C suchthat GCD(p;@p) = 1, then p is square-
free. Conversely, if p is squarefree then GCD (p;@p) = 1
holds for almost all a2 C .

We proposetwo algorithms for calculating ASFF.

ASFF Algorithm 1.
Input: polynomial p, tolerance ".
Setup = p, n = 0, and a random vector a2 C .

Fork=1;2 do
{ Find AGCD triplet (ug;vi;wg)ofux 1 and @Quk 1
within ",
{ If @uk = 0, break do loop, end if.
End do.
Output: ASFF vive .

ASFF Algorithm  11.
Input: polynomial p, tolerance ".
Set a random vector a2 C .
Calculate an AGCD triplet (uo;Vo;Wo) for p and @p.
Fork=1;2 do
{ Find AGCD triplet (hg;vk;wx) of v 1 and
Wk 1 @vk 1 within "
{ If @wk = 0, break do loop, end if.
End do.
Output: ASFF hih3  hk.

Two algorithms produce conjugate ASFF's. For example, if
the given polynomial has an irreducible factorization p =

pip3p3ps, Algorithm | and 11 seekthe squarefreefactoriza-
tions

(P1P2p3pP4)(P1P2P3)(P1P2P3)(P1)(P1) (20)
(P4)1(1)2(p2p3)3(1)*(p1)°® (21)

respectively. If necessary ASFF (20) can be converted to
ASFF (21) by least square divisions, while a rearrangemert
of ASFF (21) leadsto ASFF (20).

o
I

Both algorithms are tested in x7, Example 6.

Remark 1. If thereisonly * = 1 variable, ASFF Algorithm
| is identical to the recursive factorization processin [14],
while Algorithm 11 reducesto an algorithm that is equivalent
to a processproposedin [12].

Remark 2. We proposethe use of a random vector a in
both algorithms to ensure squarefreeness. Some previous
works seek squarefreenessvia GCD(p; @p) = 1. Meth-
ods can be designed for ASFF via computing the AGCD
of (p; @p) instead of (p; @p). We usethe latter for its cer-
tainty that the co-factor v consists of all irreducible factors
of p. If Algorithm Il usesa particular @, say @ instead of
@, it would fail on polynomials like p= (x2+ 2)3(x1+ X2).

7. COMPUT ATIONAL EXPERIMENT

The algorithm preserted in this paper hasbeenimplemented
in both Maple and Matlab as a blackbox package mvGCD
along with the univariate package uvGCD [13]. The only
required input items are the polynomial pair (f;g) and the
tolerance ". The priority at current stage of developmert
is to ensure the highest possible robustness and accuracy
rather than fast computation. We test the package for the
following capabilities:

1. Finding AGCD's of exact polynomials.

Finding AGCD's of high sensitivity.

Finding AGCD's of many variables.

Finding AGCD's of high degrees.

Finding AGCD's within dierent tolerances.
Finding AGCD's with various magnitudes of noises.

ok wnN



7. Finding AGCD's in recursive computation.

We have beencollecting polynomial pairs to establish a test
suite. Our current package and test suite are electronically
available from the rst author upon request.

We presert sample results in this section. Those tests are
conducted using Matlab 6.1 on a desktop personal computer
with Intel Pentium 4 CPU (1.8 GHz) and 512 Mb mem-
ory. For a given pair (p;q) of "-degreem and n respectively
with computed AGCD triplet (u;v;w), the backward error
is measured by

s

m(uv pki+ n(uw Qkj
m(P)K3+ o () K3

If the exact GCD triplet (@; %; W) is known, then the forward

error is calculated as
s

berr =

u aki+ v ekI+ w ks

f _err =
0ki+ 0ki+ wWk3

All timing measuresare in seconds.

Example 1 [7, x7, CaseZ2]. For k = 1;2 110, let
8
< U = (Xo+ X1+ + X + 1)2 _
Vi = (Xo X1 Xx 22 ; P = Sk\\/\//k
W = (Xo+ X1+ + X+ 2)2 G = Uk Wi

The objective is to test the capability of the algorithm in

handling increasing number of variablesand nding the AGCD

of the exact polynomial pairs (px;c). The accuracy and
timing are listed in Table 1.

k=1]k=2[k=3]k=4] k=5
time (seconds) || 0.062 | 0.141 | 0.359 | 0.766 | 1.734
backward error 4e-16 | 6e-16 | 7e-16 | 8e-16 | 1le-15
forward error 8e-16 | 2e-15 | 2e-15 | 2e-15 | 2e-15
k=6|k=7[k=8|k=9]| k=10
time (seconds) || 4.047 | 9.860 | 25.20 | 64.86 | 179.2
backward error || 2e-15 | 2e-15 | 4e-15 | 3e-15 | 5e-15
forward error 8e-15 | le-14 | 2e-14 | 2e-14 | 3e-14

Table 1: Results for Example 1.
Example 2 [7, x7, Case7]. For integer pairs j; k, let

Pk =114 qe="f"d;

where f=x yz+ 1l g=x y+ 3z

The objective is to test the algorithm for its capability in
handling increasing degreeswhile the AGCD is not co-prime
with its co-factors. AGCD methods involving Hensel-lifting
[16, 17] may have dicult y in this case. Table 2 lists the
results in nding AGCD of various pairs (pj; G«)-

((HS) (13 [ (14 | 24 | 25 | B4
time (seconds) || 0.296 | 0.703 | 0.640 | 1.594 | 0.781
backward error || 3e-16 | 4e-16 | 3e-16 | 6e-16 | 5e-16
forward error 4e-16 | 6e-16 | 3e-16 | 2e-15 | 3e-16

(HIS) (35) | (46) | (5.8 [ (510) | (612)
time (seconds) || 1.485 | 4.187 | 19.72 | 57.78 | 183.3
backward error 5e-16 | 8e-16 | 9e-16 | 3e-15 | 3e-14
forward error 7e-16 | le-15 | 2e-15 | 4e-14 | 2e-13

Table 2. Results for Example 2.

Example 3. For n = 10; 20; 30; 40, let u, be a dense bi-
variate polynomial of bidegree [n; n] with random rational
coe cien ts, We test the function GCD in Maple 9 and our
mvGCD on

Pn = UnV; G = UnW; where
v=1+x+y+xy; w=1 x+y xy+y?
The bivariate polynomial pairs (pn;tn) have increasing de-
greesin EGCD. This is one of the caseswhere Maple's sym-
bolic GCD- nder is not ase cien t asmvGCD . Maple gcd
are tested on the pairs with exact rational coe cien ts while
mvGCD is tested on approximate data. Table 3 lists the
execution time and accuracy of both Maple gcd and our
mvGCD . Notice that Maple's symbolic gcd reported error
messagesfor casesn = 30;40 without correct GCD after
relativ ely long running time.

Maple gcd mvGCD
time [ berr [T _err time [ berr TT_err
n=10 2.8 0 0 0.406 | 2e-15 | le-15
n=20 [ 69.3 0 0 253 | 2e-15| 1le-15
n= 30 254 fall 12.89 | 1e-14 | 3e-15
n = 40 691 fall 48.70 | 1le-14 | 1le-15

Table 3: Results for Example 3.
Example 4. For k = 3;4; ; 9, let

(xy + y2+ 2)(xy + y+ 2+ 10 *x)(1 + 2x3 2xy + 3y?)
(xy + y2+ 2)(xy + y+ 2 10 kx)@ 2x3+ 2xy 3y?):

Pk =
Ok =
For each k, there is an AGCD u = xy + y + 2 within a
\tigh t* tolerance” < 10 ¥ andan AGCD @ near u? within a
\lo ose" tolerance > 10 . Also, within the tight tolerance,
the AGCD condition number increasesproportionally to
10¢, causingthe forward accuracy deteriorates. On the other
hand, the AGCD within the loose tolerance has a healthy
conditioned number ” that is nearly a constant for all k's.

Table 4 shows the results for increasing k on both types of
tolerances. Notice that the forward errors are calculated on
di eren t setsof AGCD triplets. Our mvGCD shows consid-
erable robustness in handling sensitive AGCD's and accu-
rately attains the AGCD triplet for k up to nine. Also notice
that, when sensitivity increases,the forward error deterio-
rates but the tiny backward error remains una ected.

within tight " < 10 ¥ [[ within loose »> 10 ¥

[ berr [ T_err N Jherr [ Terr

k=3 | 1e04 | 5e-16 | 2e-14 9.528 | 7e-03 | 3e-04
k=4 1| 1e05| 4e-16 | 8e-14 9.528 | 8e-04 | 3e-05
=5 | 1e06 | 3e-16 | 3e-13 9.528 | 8e-05 | 6e-07
=6 || 1e07 | 5e-16 | 3e-11 9.528 | 8e-06 | 6e-08
=7 | 1e08 | 4e-16 | 2e-10 9.528 | 8e-07 | 6e-09
k=8| 4e08 | 5e-16 | 3e-09 9.528 | 8e-08 | 6e-10
k=9 | 4e08 | 5e-16 | 4e-09 9.528 | 8e-09 | 6e-11

Table 4: Results for Example 4.

Example 5. Let (ps;qs) be the 4-variate polynomial pairs
de ned in in Example 1. A 5-term \noise" polynomial pair
(f7; ) is generatedwith random coe cien ts in the interval
[ j; jlwhere j = 9 10 '°. Then the test polynomial
pairs (fj;gj) are de ned as

fi = ps+ fj;

g=w+g; j=L2Z T



These series of polynomial pairs test the robustness of our
AGCD nder when the data is under perturbation of in-
creasingmagnitudes. The AGCD's are insensitive with con-
dition numbers around 14. Table 5 shows that not only
mvGCD roughly identi es the noise magnitude in backward
error, but it alsoconsistertly calculatesthe AGCD's that are
at least as accurate asthe given data for j up to sewen. The
code fails for j 8 when the data has no more than two
correct digits in each coe cien t.

I [i=2]i=8[j=4]j=5[j=6]j=7]
b_err le-7 2e-6 le-5 le-4 | 1e-03 | 2e-02
f _err 3e-9 5e-8 3e-8 le-6 | 4e-05 | 1e-04

Table 5. Results for Example 5.
Example 6. Let p= p}p3ps+ 10 ®pwhere

p1= X2+ xy y%+1;
p2= (x3+ D(y? 2)=x3y2+y2 23 2
p3=x3 y3 3xy?+ 2

and pis a 10-term random polynomial with coe cien ts in
[ 5;5]. The experiment tests the approximate squarefree
factorization (ASFF) Algorithm | and Il under perturbation.

Also, this experiment tests the robustnessof mvGCD under
recursive application.

The polynomial p has271terms with coe cien t magnitudes
ranging from 0 to 5648. ASFF Algorithm | is expected to
output vi, V2, vz and vs4 that approximate pip2ps, pip2,
p1p2 and p:1 respectively, while ASFF Algorithm [l should
produces h; h3 h3 hi where hy, h,, hs and hs are expected
to approximate ps, 1, p2 and p: respectively. Table 6 lists
the forward error measureson the results of both algorithms.

ASFF Algorithm | ASFF Algorithm 11
forward error at forward error at
V1 | Vo | V3 | Vg h1 | hz | h3 | h4

[ 38e-8 [ 2.9e-7 [ 3.1e-7 [ 1.1e-7 [[ 34e-8 | 0 [5.0e8 [ 1.1e-7 |

Table 6: Results for Example 6.
The actual polynomial factors from ASFF Algorithm I1 are

hy = x3 0:99999996%° 2:9999996%y? + 1:99999975
hy = 1

hs = x3y?+ 0:99999991%2 2:00000005%° 2:00000016
hs = x2+ 0:99999976¢y  1:000000055/2 + 0:999999935

with terms of tiny coe cien ts omitted. The ASFF has at
least 7 digits correct in every coe cien t. The outcome of
ASFF Algorithm | shows similar accuracy.

8. REFERENCES

[1] W. S. Brown. On Euclid algorithm and the
computation of polynomial greatest common divisors.
J. Asscc. Comput. Mach., 18:478{504, 1971.

[2] R. M. Corless, P. M. Gianni, B. M. Trager, and S. M.
Watt. The singular value decomposition for
polynomial systems.Proc. ISSAC '95, ACM Press, pp
195-207,1995.

[3] R. M. Corless, M. Gieshredt, M. van Hoeij,
I. Kotsireas, and S. Watt. Towards factoring bivariate
approximate polynomials. Proc. of ISSAC'01, ACM
Press, pages85-92, 2001.

[4] S. Gao. Factoring multiv ariate polynomials via partial
di eren tial equations. Math. Comp., 72:801{822, 2003.

[5] E. Kaltofen. Challenges of symbolic computation: my
favorite open problems. J. Symb. Comput.,
29:161{168, 2000.

[6] T. Y. Li and Z. Zeng. A rank-revealing method and its
applications. Preprint, 2003.

[7] H.-C. Liao and R. J. Fateman. Evaluation of the
heuristic polynomial GCD. Proc. of ISSAC'95, ACM,
1995.

[8] M.-A. Ochi, M. Noda, and T. Sasaki. Approximate
greatest common divisor of multiv ariate polynomials
and its application to ill-conditioned system of
algebraic equations. J. Inf. Proces 12:292{300, 1991.

[9] S. Pillai and B. Liang. Blind image decorvolution
using GCD approach. IEEE Trans. Image Processing
8:202{219, 1999.

[10] T. Sasakiand M. Sasaki. Polynomial remainder
sequenceand approximate GCD. ACM SIGSAM
Bulletin, 31:4{10, 1997.

[11] F. Sroubek and J. Flusser. Multic hannel blind
iterativ e image restoration. IEEE Trans. Image
Processing 9:1094{1106, 2003.

[12] D. Y. Y. Yun. On square-free decomposition
algorithms. Proc. of ISSAC '76, ACM Press, pp 26-35,
1976.

[13] Z. Zeng. The approximate GCD of inexact
polynomials. Part I: a univariate algorithm.
Manuscript, 2004.

[14] Z. Zeng. A method computing multiple roots of
inexact polynomials. Proc. of ISSAC '03, ACM Press,
pp 266-272,2003 full Journal version to appear in
Math. Comp.

[15] Z. Zeng. Multro ot { a Matlab package for computing
polynomial roots and multiplicities. ACM Trans.
Math. Software, to appear.

[16] L. Zhi, K. Li, and M.-T. Noda. Approximate GCD of
multiv ariate polynomials using Hensel lifting. MM
Researt Preprint 241-248, MMR C, AMSS,
Academia, Sinica, Beijing, China, No. 21, 2001, 2001.

[17] L. Zhi and M.-T. Noda. Approximate GCD of
multiv ariate polynomials. Proc. ASCM 2000, World
Sciertic Press, pages9-18, 2000.



