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Abstract

A new rank revealing method is proposed. For a given matrix and a threshold for near-
zerosingular values,the method calculatesapproximate singular valuesbelow the threshold
oneby onealongwith approximate null vectorsby employing a globally convergert iterativ e
schemeas well asa de ation technique. As a result, the method returns the approximate
rank of the matrix and an orthonormal basisfor the approximate null space.When arow or
column is added or deleted, strategiesfor updating/do wndating the approximate rank and
null spaceare quite straightforward and e cien t. The new algorithm plays a key role for
someimportant applications, such as numerical computation of the GCD of polynomials
aswell asidenti cation of non-isolated zerosof polynomial systemsas shown in the article.

1 Intro duction

The numerical rank determination arisesin many applications that involve matrix computa-
tions sudc asthose discussedin a seriesof proceedings,SVD and Signal Processing, I, I, 1l
[4, 9, 14]. While the singular value decomposition (SVD) is undoubtedly the most reliable
method to determine the rank numerically, there are certain drawbadks. Among them, it is
generally more expensiwe, it may not be able to take advantage of the matrix structure, and
usually it is not easyto update or downdate when rows/columns are addedor deleted. Alterna-
tive methods have beensuggested sud asrank-revealing QR decomposition (RRQR) [1, 2, 3]
and rank-revealing two-sided orthogonal decompositions (UTV, or URV/UL V) [5, 12, 13].

In this paper, a new rank-revealing algorithm is proposed. For agivenm n matrix A, instead
of calculating its decomposition that may reveal the approximate rank, our method directly
calculatesthe approximate rank and null spaceof A. We briey outline the method asfollows.
Without lossof generality, we assumem n, andlet ; 2 n 0 bethe singular
valuesof A. Sincethe smallestsingular value min n satis es

min = |(min AX 2;
the problem of nding min can be cornverted to solving the overdetermined system
! !

A X= where > D
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for its least squaressolution x. For this purpose,one may usethe Gauss-Newtoniteration [2]
|

8 L, !
_ 2 x7 X[ X]
Xist =X A AX;
AXj+1 2 . (2)
% &1 = —= j =01,

X.
i+l

Here, for a matrix B, B* stands for its pseudo-irverse. It can be shavn that (Lemma 1 in
x3) the Gauss-Newtoniteration in (2) is essetially the inverseiteration on the matrix A~ A
without undesirablematrix multiplication. The global corvergenceof the iteration is therefore
warranted, and (&;x;) will corverge to the singular pair ( ;vn). In this article, unless
otherwise mertioned, we always use \singular vector" to represen \right" singular vector.
After , = min is calculated along with its ass'co:iated singular vector v, the matrix

>

Ag= Wi . %2 R (3)
A

has the same set of singular value as well as their assa:iat%d singular vectors as those of A
except the smallest singular value |, of A is replacedby =~ %+ 2 in A with assaiated
Bingular vector v, (Corollary 2 in x4). So, if we choose %= kAkg, then the replacemen

%+ Z becomesthe largest singular value of Ay, In the meartime, the secondsmallest
singular value , 1 of A becomesthe smallest of A¢, and the iteration in (2) for nding the
smallest singular pair of A can be applied to Ag to calculate the singular pair ( , 1;vn 1)
of A. This processcan be cortinued recursively to calculate as many singular values of A
as desiredin ascendingorder no1 , along with their assaiated singular vectors
Vn; Vn 1, . When  is larger than the prescribed threshold kAk; , we will admit k as
the approximate rank of A and the computed vi+1; Vv, asan orthonormal basis for the

approximate null spaceof A.

Our method has beensuccessfullyimplemented and applied to many applications. The algo-
rithm generally producesmore reliable rank information than RRQR and it obviously costs
much lessthan those methods using full SVD. On the other hand, updating and downdating
in our method, elaborated in x6, are quite simple and straightforward, and consequetly our
method enjoys a considerableadvantage over UTV decomposition in this respect.

While the rank revealing has a large variety of applications, the developmert of our algorithm
follows the needsof two important applications emergedrecertly. They are: a stable numerical
algorithm for the computation of GCD (greatest common divisor) of univariate polynomials
and the identi cation of non-isolated numerical solutions of polynomial systems. The details
of those applications will be illustrated in x7.

2 The basic algorithm

As before,let A 2 R™ " (m n) with singular values ; 2 h 0: We
rst establishthe equivalencebetween nding the smallestsingular value min n of A and
solving the least squaresproblem of the quadratic system

! !

A XT with > | (4)
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Prop osition 1 Letu 2 R" be a vector satisfying

! ! ! !
u>

A 0 © X2RD A 0

with a saling factor > . Then u is in the subspce W spannad by the right singular
vector(s) of A asseiated with the smallest singular value(s).

Pro of. Let A= U V~ bethe singular value decomposition of A with orthogonal U and V.

Let z= V”>x,orx = Vz; where x = (X1; ;Xn)” and z= (z1; ;z,)”: Let
| | |
. . 2 . 2
f(X1;, ;Xp)= X X = X X ;
1, y AN A O AX H
2 2
then
2 2 2 2
f(xy; Xn) = 2 x°x 1 + AX = 22722z 1+ z ,
2
= e o+ 10w B o+ 3 ga z)

Assumeg(z) readesits minimumatz=vy (yi; ;Yn)~. Then

% =0, j=1 ;n e, 42 yi+ +yi ly+2%=0
z=y
0 1
X
If y6 0, letJ=f1 j njy 609 Thenforj2J, 2=22@ y?A . Hence,
J j |
123
J-2 22 and ;= forallj2Jforcertain 2f 1; ; ngwith < 2. It follows that
0 1, 0 1,
X X X X
oy, syn) = 2@ y2 1A 4+ g o= 2@ y? 1A+ 2 2
j23 j23 j23 j23
1, 0
X X
- 2 2 2 2 2
= @ y* 1A+ 2@ y? 1A+
j23 ' j2|.]
2 2 * 2 2 2 2 ‘
= 52 532 * = 172"
4
Therefore, the possible minimum values of g(z) are J-2 4—‘2 j = 1, ;n, along with
g(0; ;0)= 2. Those valueszare all attainable since, for every singular pair ( j;vj), let-
ting z= sV”vj with s2=1 L, yields
4 2! 4
902) = (s 1+ ff= 2Le 1oL o= P L

The function h( )= 2 4—42 is an increasingfunction for 2 [0; ], so
n 40 4
2 J — 2 n

2 n

2
42 n

< 2

1
=]
ESN
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and 5{(21: ;Zn) reaciesthe minimum if = ,. Consequetly, ; = , forallj 2 J, and
u= yjvj wherev;j is the singular vector assaiated with  j;j = 1, ;n. Q.E.D.
j2J

Basedon Proposition 1, the smallest singular value of A can be calculated via solving system
(4) by the Gauss-Newtoniteration [2]:

8 L, !
_ 2 x7 X[ X
Xiw =% A AX;
AXj+1 2 . (5)
% &1 = ——= j=0L

Xj+1 2
wherefor a matrix B with full columnrank, B* = (B>B) B> isthe pseudo-irverseof B. We
shall prove in the next section (x3) that the scalarsequence§, j = 1;2;  always corverges
to the smallestsingular value min . And if qin is a simple singular value, namely , 16 ,
then the vector sequences&iij and xj, j = 1,2 corvergeto the corresponding left and
right singular vectors respectively. When i, is not simple, & still corvergesto min , while

&iij and x; corvergeinto left and right singular subspacesassaiated with  ip, .

!
>

. . . . 2 X: .
Notice that if A has more than one zero singular values, the matrix AJ will be rank

de cient and its pseudoinversebecomesunde ned. While exact rank de ciency rarely occurs
in real computation, when it happens, replacing A by A + E with tiny KEk, will ensurethe
existence of the pseudo-irverse. Sudh substitution has virtually no e ect on the computing
results. For details, see[6].

In the remainder of this paper, we shall frequertly refer to the iteration (5) above as\applying
the Gauss-Newtoniteration on matrix A" for solving the least squaresquadratic systemin (4).
3 The convergence theory

The standard theory of the Gauss-Newtoniteration warrants its local convergenceunder some
restrictions, and the corvergencerate is at least linear. The following lemma shows that
the Gauss-Newtoniteration (5) on the overdetermined quadratic system (4) is essetially the
inverseiteration on the matrix A~ A, and the corvergenceis therefore global.

Lemma 1 Let A2 R™ " be of full column rank, and let fx; g be a vector sequene geneated
by the iteration (5). Then there are constantsc;j, j = 0;1; suchthat

1
Xjs1 =G ATA X (6)

Pro of. For simplicity, let x and y denotex; and x;+; respectively. Now,
! !

. 2 x> X~ X
y = A AX
" W !
_ As 2% A x> X
= X 2 X;A A 2 X;A Ax
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h i
1
X  4%2x”+ ATA 2 2xx” + AA x 2 %
h i
1
X 4% +A”A 4%xx” + AA x 2 %X(x”x) 2 °x

1
4°x> +AA 22 1+x>x x:

This yields
42> +A°A y = 2?2 1+x7x X
A°A y = 22+27x 47y X
1
y = 22 1+x°x 2y AA x: 7)
1 2(1+ x>
So, y=c AA x with c= 2 “(1+ x7x) Q.E.D.

T 1+ 400 (AA) X

We now considerthe determination of the approximate rank of A. A commonly usedde nition
is given below.

De nition 1 For a giventolerance > 0, the approximate rank of matrix A 2 R™ " is k if
its singular valuessatisfy

1 k=" > > = ku ne
n 0
If the approximate rank of A is k, then W = span vi+1; ;vn is called the approximate
null space of A, wher v; is the asseiated singular vector of ; forj = k+ 1, ;n.

Apparently, this approximate rank dependscritically on,the toleragce > 0 one chooses.The
orthogonal complemen of W, denoted by W ? s span vi; Vg ;andeweryvectorz2 R"

canbe writign as z=z + z with z2W? and z2 W: We s a sequenceof non-zero
vectors z; corvergesinto W if

jim “Z% oo k2 k60
i kzjk

The following proposition ensuresthat the vector sequencef x; g generatedby iteration (5)
corvergesinto the approximate null spaceof A.

Prop osition 2 SupmseA hasan approximate rank k with an approximate null sgaog,W and
Xo is not orthogonal to W. Then the iteration (5) geneates a vector seguene x; and a
n o

salar sgguen@ & wher x; convemgesinto W linearly in the following sense

[
X ) X0 )
and & satis es
A A % 5
n & - == (©)
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Pro of. Let Xg= ujvy+ + upvn. From Lemmal,

u u
X1=  —pvi+  + —2vg
1 n
for certain 2 R and with = YL
0, 5 A5 1
N
x1= @—uvi+  + —upvpA = X+ Xy
1 n
where
O N2 N2 1 N ' 2
X1 , = @—2U1V1+ + —2UkaA | Xo )
1 k )
o , ) A2 1
N N
X1 = @ U1 Visr + + —UpVpA ij xo
2 i1 2 2
2
|
A X1 "2 X
Since Xp 6 0, we have ——2 — ——2. By a simple induction, the
2 X1, - Xo
inequality (8) follows. For inequality (9),
N
AX; A X A X;
2 2 4
n
Xj X Xj
2 2 2
0 1 o . 1 2 1y 3
X
X X 0 N
A@I\ijA + A@I\ijA 14 - 1\7254-
Xi Xi - X
2 o 2 o >
Q.E.D.

As an important special case,if there is a signi cant gap in magnitude between , 1 and ,,
then the iteration (5) convergesto , and its assaiated singular vector v,.

Corollary 1 Let , 1> n andXo be an initial vector gatisfying XgVn 6 0. Then in the

. . . 2 x> . .
Gauss-Newtoniteration in (5) the matrix B = AJ is of full rank with well de ned
8 9
n o < X; =
pseudo-inverseand the sgguenes & and I convemeto , and v, respctively with
Coxo
I 2
" #
. 2i 2j X
Xj v, n ] 1+ n ) ’ 0 5
Xi n 1 n 1 X
iy 2 0
2j X0
& n : ——2 j=12
n 1 XO

2

Proof. Since , 1> , O0,Av; 8 0forj=1 ;n 1. So,Bgisoffull rank becauseof
the assumptionxg v, 6 0. Similarly B; is of full rank for all j > 0 sincexj?vn 6 0 from (8).
The proof of the remaining assertionsis a straightforward veri cation. Q.E.D.
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4 Computing the appro ximate null space

The iteration (5) producesa vector wi in the approximate null spaceW of A. When the
dimension of W is bigger then one, we may stadk a row of scalar multiple of w3 on top
of A to form a new matrix B. It will be showvn in this section that another null vector
w, of A orthogonal to w1 can be produced when the iteration (5) is applied to B. This
de ation-iteration processcan be continued recursively to produce an orthogonal basisfor the
approximate null spaceW .

Prop osition 3 Under the sameassumptionsof Proposition 2, for any unit vector w 2 W,
the matrix I

0, >
B = AX C % ~ (10)
n o,
has singular values jo . satisfying
8 |c<)+1 e 8+2 g; (11)

and its approximate null space W © spanned by the singular vectors of B assaiated with
%, ; Uisasubspce of W.

Pro of. Sincew 2 W, write W = 41 Vk+r + + ,Vp Wwith ﬁﬂ + + ﬁ = 1. The
singular value decomposition A = U V~ yields

1
0 0 %+ %n

BV = = k+1

It is easyto seethat

%

0 1
0
g 0 S
1 k+1 k+1 2
- . 0 _n P
Bw U : : and sz A)1+%> :
n n
0
0
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Let U= k41 Vi1 + + Vv beany unit vector in W that is orthogonal to w. Then

1 0 1
A k+1 k+1 T + non) 0
0 0
| 0 1 0
Bu = 1 k+1 k+1 _ 1 k+1 k+1
B u : - u :

n n n n
0 0
0 0

and q Al — A
Bu = l%+1 |§+1 + + 232 |§+1 + + 2 =

2
Ip other words, gyery vector u 2 W orthogonal to w is an approximate, null vector qf B. Let

wivl,,; n;VS be an %rthonormal basis of W and let W = span v{,,; ;v® . Then
W? =span vi; VW ,and
Bx - x ; 8&2W?
2 2
By X y 2; 8y 2 W
which imply (11). Q.E.D.
In practice, we may choose %= kAk; . Sincein applying the iteration (5) on B, w is the
least squaressolution of 0 1 0o 1
w3
%} %V 7 X Wy = %} 0 X :
A 0

Thusw, 2 W is approximately orthogonal to w;. This processcan be continued recursively
to calculate an orthogonal basisfor the approximate null spaceW .

As an important specialcase,if thegap n 1 n is signi cant, the iteration (5) corvergesto
w = vp and &= . In this case,stacking a row %, on top of A will make , i the smallest
singular value of the resulting matrix.

Corollary 2 Let bea singular value of A with assaiated singular vector v. Then the matrix
!
A=, (12)

has the same singular values and correspnding singulaﬁ vectors as those of A, exapt the
singular value of A is replaed by the singular value 2+ 2 of A asseiated with the
samesingular vector v.
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Pro of. For simplicity, let = , and SVD of AbeA=U V~. We have
0 0 0 1
1
1 1 1
1 v v = vZV _
u> A - U~ AV - n1

By applying Givenstransformation from the left on and , it is clearthat the singular value

of A is replacedby the singular value 2+ 2 of A while the assaiated singular vectors
remain the same. Q.E.D.

5 The overall algorithm

As givenin De nition 1, the approximate rank k of matrix A dependscritically on the chosen
tolerance > O for which singular valuesof A satisfy

1 k= 2 k+l n (13)

Unfortunately, no uniform threshold for suc tolerancesexits. Sincethe sizesof singular values

of the target matrix canbe manipulated by scalingthe entries of the matrix in many occasions,

one usually choosesthe tolerancerelative to the sizeof A, and the in nite norm kAk; is often

used for this measurefor its easyevaluation. That is, the user must decide a small number
> 0 basedon the nature of the applications and uses = kAk; asthe tolerance.

The reciprocal ofthe gap = kfl canbe considereda condition number for this rank revealing
problem, meaning: the larger the gap is the more accurate the approximate rank will be. If
is large, say 10, then ewery iterative step in (5) will improve the convergenceby 6 digits

becausein Proposition 2 the sequenced x; g and f &g satisfy

X PX X
J 2j 0 2j 0
/\72 lO 3 /\72 and n & k+1 + 10 3 /\72 1:
X X X
I 2 ° 5 ° 5
After three iteration stepsthey become
X3 X0 X0
I\iz 10 18 /\72 and n & k+1 + 10 18 /\72 1.
X X X
3 ° ° 5

Since the machine epsilon of IEEE standard double precisionis about 2.2 10 1, therefore
X3 in this caseis su cien tly accurate to be an approximate null vector unlessthe randomly
choseninitial vector xg is almost orthogonal to the approximate null space.

Let ( 1;v1); ;( n;Vn) be the singular pairs of A with j's satisfying (13). For an input
tolerance > 0, our algorithm beginswith calculating the approximate smallest singular pair
(“ni%n). If A > kAky , then A will be classi ed as being full rank, and the processstops.
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Pseudo-co de RankRev :
input: Matrix A2 R™ " threshold >0

n 0
output: rank k, orthonormal basis wy+; ;wp of the null space.
QRdecomposition A = QR
Initialize B =R, = kAKk;

For k=n;n 1, ;1 do
generate a random unit vector Xg

for | =0 1;2> gp " X #
2 X; X7 Xi
= J = i
D B , b B X;

Hessenberg QRdecomposition D = QR

backward substitution to solve Rz= Q>b for z
1

Xj+1 = Xj Z, &= RXj+1 , Xitl o,

if &< then
Wk = Xj+1= Xj+1
break j-loop
end if
end do
if &> then
break k-loop
else
Hessenberg QRdecomposition [ wi; B]= QR
update B = R
end if

2

end do

Figure 1. Pseudo-cale of RankRev

Otherwise the algorithm cortinues by calculating approximate singular pairs (“n 1;%n 1),

(™n 2;%n0 2), . Once *¢ > kAk; is encourtered, the processwill be terminated with k
being taken as the approximate rank of A and spanf®y+1; ;¢ng becomesthe approximate
null space.If the gap = =% is not aslarge, usually it needsmore than three iteration steps

k+1
in (5) for ead singular value. The usersneedto make decision on the number of iteration

stepsbasedon the nature of the application. The overall algorithm RankRev is shavn in a
pseudo-cale in Fig. 1.

Example: We rst generatea 20 12 random matrix B and compute its singular value
decomposition B = U V~. Then by resetting the diagonal matrix ~ with the singular values
replacedby

1, le-1, 1le-2, 1e-3, le-7, 1e-8, 1le-11, 5e-12, 1le-13, 1le-14, 0.99e-14, 0.97e-14,

the test matrix A is setto be B = U V~ with this new . For threshold = 1:0e 10,
Algorithm RankRev provides 6 approximate singular values. The comparison of the exact
singular valuesand their approximation is shown in Table 1.
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exact singular | approximate singular
value value
7 1.00e-11 0.85234e-11
8 5.00e-12 7.23564e-12
1.00e-13 0.99995e-13
10 1.00e-14 1.0007e-14
11 0.99e-14 0.98321e-14
12 0.97e-14 0.98630e-14

Table 1: Exact and approximate singular values

In rank revealing, the main interest lies in the magnitude rather than the correct digits of the
approximate singular value, and our algorithm achievesthis goal in this example. On the other
hand, the residual kA(¢7; ;¢1)ko 10 ! and the distance betweenthe exact null space
W and approximate null space®W is 3 10 7. Apparently, the approximate null spaceW is
quite accurate while the gap ¢= 7 is just 10°. This distance can be even smaller if the gap is
larger.

Practically, the iteration (5) is carried out by nding aleastsquaressolution X (= Xj+1  Xj)
to the linear system I !
2 x7 (x7xj 1)
i = 7

A X AX; (14)
at the j-th stage. To avoid unnecessaryQR decomposition of the full matrix at ead step, we
may calculatethe QR decomposition of A before the iteration and update the QR decomposition
at eadt step.

!

With QR factorization A = Q nding the least squaressolution to (14) is equivalent

R

O )

to solving the least squaresproblem of
! !

2 x7 X7 Xj

J = J
R X RX;

(15)
for x =/Xj+1 X;j, in which one usesthe QR decomposition of the upper Hesseberg matrix
2 x7 '
R
n Givenstransformations which cost O(n?) ops in total. After QR update, solving (15) for
its least squaressolution requiresa total of O(n?) ops in badkward substitutions.

!
>

The nal QR factorization of 2 Iéj can also be recycled as the QR decomposition of B

. Updating the QR factorization of an n-column upper-Hesseberg matrix requires

in (10) with = 2 and w = x;. The computations are all in the order of O(n?) except the
rst QR factorization of A which costsO(mn?). Frequertly, the QR decomposition of A had
already beencalculated for other purposes.
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6 Updating and downdating

n 0
After the approximate rank k and the orthonormal basis vg+1; ;vn of the approximate

null spaceW of A are computed, if a column or a row is augmerted to A, re-calculating the
approximate rank and null spaceis called updating. If a column or a row is deleted from A,
the additional rank determination is called downdating. Updating and downdating subject to
adding/deleting a row or a column can be e cien tly carried out in our rank revealing method.
We shall addressthose four casesseparately below.

It will becomeapparert in our discussionthat e cient updating/downdating in our method
is actually the problem of e cien t updating/downdating the QR decompposition of certain
matrices. When A is of full rank, in this casek = n, the problem becomeaipdating/do wndating
the QR decomposition of A itself which were discussedin detail in [6]. We therefore assume
k < n in all the caseswe shall discuss.

6.1 Column updating

Without loss of generality, we assumea vector an+; is attached to A = (as;,, ;an) in thg

right and let A= (a;; ;an;an+1). Clearly the null spaceW °of A®contains vQ,; ;v?
where I
o Vi . _ .
U o j=k+1, ;n:

Thosev{'s remain orthonormal. The approximate rank of A%is either k or k+ 1. Only whenit
stays at k, there is an additional vector in the orthonormal basisof W % To nd this possible
additional vector, the Gauss-Newtoniteration (5) may be applied on the matrix

1 0 1
Vit Vier 0
Viie v 0
AO A an+l
via its QR decomposition. In the end of algorithm RankRev for the rank decisionof A, the
QR decomposition 0 1
VE+1 ]
: _ R
% Vi E “Q o
A
is available. Let 0 N 1
Vk+1 0 1
: R d
> A — > : - 1 .
Q Q % vy 0 E 0 d °
A an+1

and H be the Householdertransformation mat(r)ix seitisfying

el

0
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Then 0 L
0 1 O 1 R d
Vgil VE+1 0 1 ! 1
_ : _ : _ Inn O 0 _ ~0 R
A_% v2>§_% v: 0 E_Q 0 H> 0 . =
A0 A ans (')

We may now apply the Gauss-Newtoniteration (5) on A via R°to compute the additional
basisvector in the null spaceof A or declareits absence.The additional ops arein the order
of O(n?).

6.2 Column downdating
Let A= (a1; ;& 1;a+1; ;an) bedowndated from A, rﬁnd W denotg the null spaceof
A. If the dimension n k of the null spaceW = span vg+1; ;Vn IS one, then the

dimension of W is either 0 or 1. One can achieve the downdating of W by simply applying
the Gauss-Newtoniteration (5) on A via its QR decomposition | a downdating of the QR
decomposition of A (see[6]).

If n k> 1, write

1
Vik+1 Vin
V = [Vk+1; ;Vn]:% 22Rn (n k 1).
Vink +1 Vnn
Let H bethe Householdertransformation matrix satisfying
0 1 0 1
Vik+1
Vik+2 0
H ) = K
Viin 0

This makes 0

1
VH” = 0 OE [-th row:

The columnsof VH > are orthonormal because
(VHZ)>(VH?)=H(V>V)H” = H |, «H =1, «;

andsince A(VH?) , AV , H> , = AV 2,thosecolumnsalsoform abasisof W. Delete

the rst columnof VH> and let [0x+2; ;%] be the remaining matrix. Forj = k+ 2; ;n,
removing the zerocomponert of ¥; at the I-th entry, the resulting vector v yields

AG = Ay, J=k+2 n
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and fwso; ;w0 forms an orthonormal basisfor a subspaceof W . An additional null vector
in the orthonormal basis of W exists when the dimension of W is n k. To verify this
possibility by applying the Gauss-Newtoniteration (5) on

o 1
Y42

1
V‘n
A

as before requiresthe QR decomposition of A. In the rst place, the QR decomposition of A,
A = QR, is a downdating of the QR decomposition of A which requires no more than O(n?)
ops [6].

Since 0 1 0 1 0 1
V’E+2 V'E+2 ] V’E+2
A% g% g 1 0 % E
v v 0 Q v '
A QR R
the QR decomposition of A may be obtained by taking the QR decomposition of
0 - 1
Yi+2
% v E '
R

which requiresO((n  k)n?) ops. On the other hand, iteration (5) requiresO(n?) ops.

6.3 Row updating
!

>

Let AO= Z and W °be the approximate null spaceof A% Clearly W° W, and if x is

approximately orthogonal to W , then W 9= W . No additional calculation is required in this
situation.

If n k= 1, then, asin column downdating, the rank updating becomesan updating on
the QR decompsition of A (see[6]), and we may employ the Gauss-Newtoniteration (5) to
calculate the approximate null spaceof A°and clarify its dimension being 0 or 1.

Whenn k> 1,let W = (Va1 ;vn) 2 R"™ (" K When W?>x , is not small, then the

approximate null spaceW °of ACis of dimensionn k 1. The following processcalculates
an orthonormal basis of W °.

1. Calculate y = W>x 2 R" K,

2. Expand the vectory to an (n k) (n k) orthogonal matrix (y;Yyk+2; ;Yn) by
rst constructing a Householdertransformation matrix H = (hy+1; ;hyn) which makes
Hy = (1;0; ;0), thenletting y; = h;,j =k+2 ;n.
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3. SetE = (Yk+2; ;yn)2 R W (" kK D andlet WE = (vQ,,; ;v 2R" (0 k1.

The vectors v?,,; ;v areorthonormal, because

(WE)” (WE)=E” W’W E=1l@ k 1y (n k

Moreover
Xx>WE = y’E=0
and, AWE _ = AWE AW E = AW _
2 2 2 2
Therefore, those orthonormal vectors v2,,; ;vQ form an orthogonal basisof W °

6.4 Row downdating

Here, we consider deleting the top row only. The procedureis similar when an arbitrary row
is deleted.

If downdating of the top row is needed, we will adjust our rank revealing method. After
nding a null vector w, instead of stacking %v~ on top of A, we attach %v~ at the bottom
so that the top row of A to be deleted still stays on top. All the theoretical results of oyr

method remain valid. From the QR decomposition of A, the QR decomposition of
! ! !
Q R R
1 %y > %y
Howeer, its QR decomposition only requires n Givens rotations which cost essetially the
sameas converting a Hesseberg matrix.

%V>

becomes Now is no longer an upper Hesseiberg matrix.

With this adjustment, the procedure RankRev producesan approximate rank k of A, an

orthonormal basisf wg+1; ;wp g for the approximate null spaceW of A, and a QR decom-
position 0 1

A |

%y Ro

% : E =Q , (16)
ofes>
k+1

When the top row of A is deleted, all thosevectorswy+1; ;w, remain asnull vectors of the

resulting matrix A, with the possibility of an additional null vector in the orthogonal basis of
its null spaceW;.

It takesn 1 Givenstransformations to corvert (16) to the following form [6, x12.5.3]

0 1
A '2 - 32 > 3
N !
8 LD IS TRNE B
: Q1 R1 0 R1
%oy > 0 1o
k+1

where R is upper triangular, Q1 is orthogonal and r” is the top row of A. This transformation
requiresO(n?) ops.
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By deleting the top row of A, }he matrix of remaining rows along with %v;.,; ;%v; has

R1
0

simply an application of the iteration (5) via Rj.

a QR decomposition Q1 . Therefore, computing the possibleadditional null vector is

Remark: It was mertioned in [5], row downdating may be dicult and complex for UTV
decomposition: \  [W]e want to emphasizethat numerically stable UTV downdating algo-
rithms have becomevery complex, and the computational overhead can becomequite large,
especially when the exact rank decreaseslt may be worth to considerwhether recomputation
of the ULV decomposition is to be preferred ". In comparison, row downdating in our
algorithm is quite straightforward.

7 Applications
7.1 Computing polynomial GCD

Given two or more univariate polynomials, a new method of computing their greatestcommon
divisor (GCD) helpsto establisha novel algorithm that accurately calculatespolynomial roots
and their multiplicities without using multiprecision arithmetic even if the polynomial is inex-
actly given [15]. This root- nding method is implemented in the Matlab padageMul tR oot
[16]. Our rank revealing method and recursive column updating play an important role in the
new GCD- nder and the root- nder.

For any polynomial h(x) = hoxK + hixX 1+ + hy, its coe cient vector is denoted by
h = (ho;hy;  ;hy)”. Let p(x) and g(x) be polynomials of degreesn and m respectively.
Write

p(X) pox" + pix" 1+ + py
ax) = ax™+ax™ T+ +an

with n  m. A polynomial u(x) is a greatest common divisor of p(x) and q(x), denoted by
GCD(p;0q), if there are polynomials v(x) and w(x) suc that

u(x)v(x) = p(x)
18
LOOW(X) = ¢(x) (18)
where v(x) and w(x) share no common roots (or equivalertly, no common factors). The
(n+r) (n m+ 2r) matrix

2z { 2 " ¢

0 1
Po (o)
pr - (o]}
Si(p;g) = L o L g &N mir=1L2 m
Pn P1 Om O
Pn Om

is called the r-th Sylv ester subresultan t matrix of p and g, The following results are well
known [10, 15]:
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Sm(p;g)isofrank n+ m 2+ 1 if andonly if degGCD(p;q) =1 1.

St (p;q) hasfull rank if and only if degGCD(p;q) m r.

If S 1(p;g) is of full rank and S;(p;q) is rank de cient, then the null space of
Si(p;q) is spannedby the vector V\V/ whosecomponerts v 2 R" ™*" andw 2 R"

are coe cient vectors of v(x) and w(x) in (18) respectively. Also, degGCD(p;q)) =
m r+ 1

From those results, one may calculate GCD (p;qg) by nding the rst rank de cient Sylvester
matrix S;(p;q) in the sequence

Si(p;a); Sa(p;0); ; Sm(p;q)

and a (single vector) basis of the null space. A GCD- nder constructed in this way can be
illustrated in the following process.

First, we form S;(p;q), setthe rst permutation Py = I, m+2) (n m+2) , and calculateits QR
decomposition

T1= Si(p;g)P1 = ‘ l —

If S1(p;qg) rank de cient, then GCD(p;q) = g. The processneedsto cortinue only if S;(p;Qq)
is of full rank. In general,if Sj(p;q) is of full rank with its pivoted QR decomposition T; =
Sj(p;9)P; = QjR; being available, we attach one zero row to the bottom of T; and add two

columns 2 3 2 3
0 0
" . # " . #
Q 0 and Q 0
1 % 1 Po
Om Pn

to the right of the resulting matrix to form T;.;. With a proper permutation matrix Pj.1, we

have Tj 41 Pj>+1 = Sj+1(p;q). Therefore

‘

T =5/@aP = Q); . [Qj 1}
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= Qj+1

= §+1(P;QPj+1 = Tj4z.

Updating the QR decomposition of Tj+1 = Sj+1(p;g)P;j+1 requiresonly O(n + m) additional
ops. We apply the iteration (5) on Rj+, for a null vector. If Rj+1 (or equivalertly Sj.+1(p;0))
remainsin full rank, the processcontinuesto j + 2 in a similar way. It stops at the (column
permuted) k-th Sylvesterresultant matrix Ty = Sk(p;g)Px that is the rst to berank de cient.

It can be shown that the null spaceof Ty is of dimension one with a single null vector z 2

RN M+2K in jts basis. Let
!

W

, =Pz with w2RK and v2R" Mk

Then v and w are coe cien t vectors of v(x) and w(x) satisfying (18). Now u(x) = GCD(p;q)
is the quotient of p(x) and v(x). Howewer, it is numerically unstable to use polynomial long
division p(x) v(x) for u(x) [15]. Instead, we usethe \least squaresdivision" [15] which solves
the coe cien t vector u of u(x) as a least squaressolution to

0 1 0 1
Vo Po
vi P1
: Vo Cu=8 . &: Uu2R™X2: s=n m+k 1L (19)
Vs Vl .
Vs Pn

As aresult, u(x) = GCD(p;q) is obtained.

The procedurelisted in Figure 2 illustrates the calculation of deg(GCD (p;q)) and the coe -
cierts of u(x), v(x) andw(x) in (18). To achieve highestattainable accuracy the Gauss-Newton
iteration on a quadratic systembasedon (18) can be applied to re ne the GCD [15].

7.2 Non-isolated solutions to a polynomial system

When a numerical solution xq of a system of polynomial equations
P(x)= pi(x); ;pn(x) =0 where x=(xi; ;xn)” 2C"

is obtained, we wish to identify whether xq is an isolated solution of P(x) = 0. While in
the previous sectionswe mainly focus our attention on the dewvelopmert of our method and
algorithm in the real vector spaceR", the ertire cortent remains valid in C" with proper
adjustments.

If the Jacobian,denotedby Py (x), at X allows no small (relativeto kPy(Xxg)ky ) singular values,
Xo is of coursean isolated solution. When our rank revealing algorithm is applied to Px(xq)
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Pseudo-co de GCD:
input: coefficient  vectors for p(x), q(x)
output: d= degGCD(p;q)), coefficients of v(x) and w(x) in (18)
QRdecomposition QR = Si(p;0q)
For j =12, ;m do
Gauss-Newtoniteration  (5) on R, get %and x
if %is small enough, then
extract coefficients of v(x) and w(x) from x
solve (19) for the coefficients of u(x)

exit
else
if j  m then
update Qj+1Rj+1 = Sj+1(pP;QPj+1
else
degGCD(p;q)) = 0, v(x) = p(x), wW(x) = g(x)
end if
end if

end do

Figure 2: Pseudo-cale of GCD

and the result shows it admits very small singular values,x o may lie on a solution componert
of P(x) = 0 with positive dimensionor it may still be an isolated zero with multiplicit y 2.
Our strategy to distinguish those casesis given below.

If Px(xo) permits only onesingular value that appearstiny and if X is not an isolated solution,
then xg must lie on a one (complex) dimensional solution componert M of P(x) = 0. We will
beginto identify this path to a substartial length by a path following schemedeweloped in [7].
If this attempt fails, no such solution componert M may exist and xg will be classi ed as an
isolated solution of P(x) = 0.

When Py (Xo) hask > 1 very small singular valuesas a result of our rank revealing algorithm,
we augmert P(x) = Owith k 1 generichyperplanes

al

(X X)=0; j=1 sk 1

at xo. The enlargedsystem

, (20)
aE 1(X Xo) =0

will produce a one dimensional componert ¥ of P(x) = 0 if the solution componert M of
P (x) = 0to which xg belongsis of dimensionk. Thus, the assertionthat dim(M) = k is valid
only if we canidentify ¥ by following this path to a satisfactory length. If the path following
can not be carried out successfully such componert M may not exist. We will then remove
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hyperplane aE 1(X Xp) = 0in (20) and restart our e ort to identify the one dimensional

componert k1 produced by

g P(x)=10
al'(x xp)=0
3 :

P(x) = (21)

all ,(x xg) =0

The existenceof such componert f1ofP=0 implies the solution componert M of P(x) = 0
containing Xg is of dimensionk 1. If it fails, the processmay be cortinued in the same
manner and the dimension of M will ultimately (very soon in practice) be determined. Of
course,when dim(M) = 0, Xg is an isolated zero even though Py(xg) may have very small
singular valuesfrom our rank revealing algorithm.

Example [11]: Consider the polynomial system P(x) = pi(X); p2(X); p3(x) , X =
(u; v; w) 2 C3 where

piu(x) = (v u? (U2+ v2+w? 1)(u 05)

po(x) = (w  ud)(u?+ vZ+w? 1)(v 05)

pa(X) (v ud)(w iU+ vi+w? 1)(w 05):

Obviously, the solution set of P (x) = 0 consistsof
1. A two-dimensionalcomponert u?+ v2+ w? = 1;
2. Four one-dimensionalcomponerts
(@) line u= 05, v= (0:5)3
(b) line u=" 05, v= 05;
(c) line u= pﬁ, v = 0:5;
(d) twisted cubic v = u?, w= ud;

3. One isolated solution (u;v;w) = (0:5; 0:5; 0:5).

When the polyhedral homotopy continuation method [8] was usedto solve P(x) = 0, 129
numerical solutions were obtained. We applied our method to all those solutions, and the
result shaws

112 of them lie on the 2-dimensional component,

16 of them lie on 1-dimensionalcomponerts (four on line 2a, four on line 2b, four on line
2c, four on line 2d),

oneisolated solution.

When we classi ed a solution xg that is lying on a 2-dimensionalcomponert of P(x) = 0 for
instance, we substituted xo into u?+ v+ w? = 1 to verify the accuracy of our identi cation.
And the results were all accurate.
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