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Abstract

A new rank revealing method is proposed. For a given matrix and a threshold for near-
zerosingular values,the method calculatesapproximate singular valuesbelow the threshold
oneby onealongwith approximate null vectorsby employing a globally convergent iterativ e
schemeas well as a de
ation technique. As a result, the method returns the approximate
rank of the matrix and an orthonormal basisfor the approximate null space.When a row or
column is addedor deleted, strategiesfor updating/do wndating the approximate rank and
null spaceare quite straightforward and e�cien t. The new algorithm plays a key role for
someimportant applications, such as numerical computation of the GCD of polynomials
aswell as identi�cation of non-isolatedzerosof polynomial systemsasshown in the article.

1 In tro duction

The numerical rank determination arisesin many applications that involve matrix computa-
tions such as those discussedin a seriesof proceedings,SVD and Signal Processing, I, II, III
[4, 9, 14]. While the singular value decomposition (SVD) is undoubtedly the most reliable
method to determine the rank numerically, there are certain drawbacks. Among them, it is
generally more expensive, it may not be able to take advantage of the matrix structure, and
usually it is not easyto update or downdate when rows/columns areaddedor deleted. Alterna-
tiv e methods have beensuggested,such as rank-revealing QR decomposition (RRQR) [1, 2, 3]
and rank-revealing two-sidedorthogonal decompositions (UTV, or URV/UL V) [5, 12, 13].

In this paper, a new rank-revealing algorithm is proposed.For a given m � n matrix A, instead
of calculating its decomposition that may reveal the approximate rank, our method directly
calculatesthe approximate rank and null spaceof A. We brie
y outline the method as follows.
Without lossof generality, we assumem � n, and let � 1 � � 2 � � � � � � n � 0 be the singular
valuesof A. Sincethe smallest singular value � min � � n satis�es

� min = min
kx k2=1






 Ax








2
;

the problem of �nding � min can be converted to solving the overdetermined system
 

� x>

A

!

x =

 
�
0

!

where � > � n (1)
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for its least squaressolution x. For this purpose,one may usethe Gauss-Newtoniteration [2]
8
>>>>>><

>>>>>>:

x j +1 = x j �

 
2� x>

j
A

! +  
� x>

j x j � �
Ax j

!

&j +1 =






 Ax j +1








2




 x j +1








2

; j = 0; 1; � � �
(2)

Here, for a matrix B , B + stands for its pseudo-inverse. It can be shown that (Lemma 1 in
x3) the Gauss-Newtoniteration in (2) is essentially the inverseiteration on the matrix A > A
without undesirablematrix multiplication. The global convergenceof the iteration is therefore
warranted, and (&j ; x j ) will converge to the singular pair (� n ; vn ). In this article, unless
otherwise mentioned, we always use \singular vector" to represent \righ t" singular vector.
After � n = � min is calculated along with its associated singular vector v n , the matrix

A%=

 
%v>

n
A

!

; %2 R (3)

has the sameset of singular value as well as their associated singular vectors as those of A
except the smallest singular value � n of A is replaced by

p
%2 + � 2

n in A% with associated
singular vector vn (Corollary 2 in x4). So, if we choose %= kAkF , then the replacementp

%2 + � 2
n becomesthe largest singular value of A%. In the meantime, the secondsmallest

singular value � n� 1 of A becomesthe smallest of A%, and the iteration in (2) for �nding the
smallest singular pair of A can be applied to A% to calculate the singular pair (� n� 1; vn� 1)
of A. This processcan be continued recursively to calculate as many singular values of A
as desired in ascendingorder � n � � n� 1 � � � �, along with their associated singular vectors
vn ; vn� 1; � � �. When � k is larger than the prescribed threshold � kAk1 , we will admit k as
the approximate rank of A and the computed v k+1 ; � � � ; vn as an orthonormal basis for the
approximate null spaceof A.

Our method has beensuccessfullyimplemented and applied to many applications. The algo-
rithm generally producesmore reliable rank information than RRQR and it obviously costs
much lessthan those methods using full SVD. On the other hand, updating and downdating
in our method, elaborated in x6, are quite simple and straightforward, and consequently our
method enjoys a considerableadvantage over UTV decomposition in this respect.

While the rank revealing has a large variety of applications, the development of our algorithm
follows the needsof two important applications emergedrecently. They are: a stable numerical
algorithm for the computation of GCD (greatest common divisor) of univariate polynomials
and the identi�cation of non-isolated numerical solutions of polynomial systems. The details
of those applications will be illustrated in x7.

2 The basic algorithm

As before, let A 2 R m� n (m � n) with singular values � 1 � � 2 � � � � � � n � 0: We
�rst establish the equivalencebetween�nding the smallest singular value � min � � n of A and
solving the least squaresproblem of the quadratic system

 
� x>

A

!

x =

 
�
0

!

with � > � n : (4)
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Prop osition 1 Let u 2 R n be a vector satisfying











 
� u>

A

!

u �

 
�
0

! 










2

2

= min
x2 R n












 
� x>

A

!

x �

 
�
0

! 










2

2

with a scaling factor � > � n . Then u is in the subspace W spanned by the right singular
vector(s) of A associated with the smallest singular value(s).

Pro of. Let A = U� V > be the singular value decomposition of A with orthogonal U and V .
Let z = V > x, or x = Vz; where x = (x1; � � � ; xn )> and z = (z1; � � � ; zn )> : Let

f (x1; � � � ; xn ) =












 
� x>

A

!

x �

 
�
0

! 










2

2

=












 
� x> x � �

Ax

! 










2

2

;

then

f (x1; � � � ; xn ) = � 2
�
x> x � 1

� 2
+






 Ax








2

2
= � 2

�
z> z � 1

� 2
+






 � z








2

2

= � 2
�
z2

1 + � � � + z2
n � 1

� 2
+ � 2

1z2
1 + � � � + � 2

nz2
n � g(z1; � � � ; zn ):

Assumeg(z) reaches its minimum at z = y � (y1; � � � ; yn )> . Then

@g
@zj

�
�
�
�
�
z= y

= 0; j = 1; � � � ; n; i.e., 4� 2
�
y2

1 + � � � + y2
n � 1

�
yj + 2� 2

j yj = 0:

If y 6= 0, let J = f 1 � j � n j yj 6= 0g. Then for j 2 J , � 2
j = 2� 2

0

@1 �
X

l2 J

y2
l

1

A . Hence,

� 2
j � 2� 2; and � j = � for all j 2 J for certain � 2 f � 1; � � � ; � ng with � <

p
2� . It follows that

g(y1; � � � ; yn ) = � 2

0

@
X

j 2 J

y2
j � 1

1

A

2

+
X

j 2 J

� 2
j y2

j = � 2

0

@
X

j 2 J

y2
j � 1

1

A

2

+ � 2
X

j 2 J

y2
j

= � 2

0

@
X

j 2 J

y2
j � 1

1

A

2

+ � 2

0

@
X

j 2 J

y2
j � 1

1

A + � 2

= � 2

 

�
� 2

2� 2

! 2

+ � 2

 

�
� 2

2� 2

!

+ � 2 = � 2 �
� 4

4� 2 :

Therefore, the possible minimum values of g(z) are � 2
j �

� 4
j

4� 2 , j = 1; � � � ; n, along with

g(0; � � � ; 0) = � 2. Those values are all attainable since, for every singular pair (� j ; v j ), let-

ting z = sV> v j with s2 = 1 �
� 2

j
2� 2 yields

g(z) = � 2 (s2 � 1)2 + � 2
j s2 = � 2 � 4

j

4� 4 + � 2
j

 

1 �
� 2

j

2� 2

!

= � 2
j �

� 4
j

4� 2 :

The function h(� ) = � 2 � � 4

4� 2 is an increasingfunction for � 2 [0; � ], so

min
j =1 ;��� ;n

n
� 2

j �
� 4

j

4� 2

o
= � 2

n �
� 4

n

4� 2 � � 2
n < � 2
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and g(z1; � � � ; zn ) reaches the minimum if � = � n . Consequently, � j = � n for all j 2 J , and
u =

X

j 2 J

yj v j where v j is the singular vector associated with � j ; j = 1; � � � ; n. Q.E.D.

Basedon Proposition 1, the smallest singular value of A can be calculated via solving system
(4) by the Gauss-Newtoniteration [2]:

8
>>>>>><

>>>>>>:

x j +1 = x j �

 
2� x>

j
A

! +  
� x>

j x j � �
Ax j

!

&j +1 =






 Ax j +1








2




 x j +1








2

; j = 0; 1; � � �

(5)

wherefor a matrix B with full column rank, B + = (B > B )� 1B > is the pseudo-inverseof B . We
shall prove in the next section (x3) that the scalar sequence&j , j = 1; 2; � � � always converges
to the smallest singular value � min . And if � min is a simple singular value, namely � n� 1 6= � n ,
then the vector sequences 1

&j
Ax j and x j , j = 1; 2; � � � convergeto the corresponding left and

right singular vectors respectively. When � min is not simple, &j still convergesto � min , while
1
&j

Ax j and x j converge into left and right singular subspacesassociated with � min .

Notice that if A has more than one zero singular values, the matrix

 
2� x>

j
A

!

will be rank

de�cient and its pseudoinversebecomesunde�ned. While exact rank de�ciency rarely occurs
in real computation, when it happens, replacing A by A + E with tiny kEk2 will ensurethe
existenceof the pseudo-inverse. Such substitution has virtually no e�ect on the computing
results. For details, see[6].

In the remainder of this paper, we shall frequently refer to the iteration (5) above as\applying
the Gauss-Newtoniteration on matrix A" for solving the least squaresquadratic systemin (4).

3 The convergence theory

The standard theory of the Gauss-Newtoniteration warrants its local convergenceunder some
restrictions, and the convergencerate is at least linear. The following lemma shows that
the Gauss-Newtoniteration (5) on the overdetermined quadratic system (4) is essentially the
inverseiteration on the matrix A> A, and the convergenceis therefore global.

Lemma 1 Let A 2 R m� n be of ful l column rank, and let f x j g be a vector sequence generated
by the iteration (5). Then there are constants cj , j = 0; 1; � � � such that

x j +1 = cj

�
A> A

� � 1
x j : (6)

Pro of. For simplicit y, let x and y denote x j and x j +1 respectively. Now,

y = x �

 
2� x>

A

! +  
� x> x � �

Ax

!

= x �

"
�
2� x; A>

�
 

2� x>

A

!# � 1 �
2� x; A>

�
 

� x> x � �
Ax

!
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= x �
�

4� 2xx > + A> A
� � 1 h�

2� 2xx > + A> A
�

x � 2� 2x
i

= x �
�

4� 2xx > + A> A
� � 1 h�

4� 2xx > + A> A
�

x � 2� 2x(x> x) � 2� 2x
i

=
�

4� 2xx > + A> A
� � 1

2� 2
�
1 + x> x

�
x:

This yields
�

4� 2xx > + A> A
�

y = 2� 2
�
1 + x> x

�
x

�
A> A

�
y = � 2

�
2 + 2x> x � 4x> y

�
x

y = 2� 2
�
1 + x> x � 2x> y

� �
A> A

� � 1
x: (7)

So, y = c
�
A> A

� � 1
x with c =

2� 2 (1 + x> x)
1 + 4� 2 x> (A> A)� 1x

: Q.E.D.

We now considerthe determination of the approximate rank of A. A commonly usedde�nition
is given below.

De�nition 1 For a given tolerance � > 0, the approximate rank of matrix A 2 R m� n is k if
its singular valuessatisfy

� 1 � � � � � � k =
_
� > � >

^
� = � k+1 � � � � � � n :

If the approximate rank of A is k, then W = span
n

vk+1 ; � � � ; vn

o
is called the approximate

null space of A, where v j is the associated singular vector of � j for j = k + 1; � � � ; n.

Apparently, this approximate rank dependscritically on the tolerance � > 0 one chooses.The
orthogonal complement of W , denotedby W ? , is span

n
v1; � � � ; v k

o
; and every vector z 2 R n

can be written as z =
_
z +

^
z with

_
z 2 W ? and

^
z2 W : We say a sequenceof non-zero

vectors
n

zj

o
convergesinto W if

lim
j !1

k
_
z j k2

k
^
z j k2

= 0; k
_
z j k2 6= 0:

The following proposition ensuresthat the vector sequencef x j g generated by iteration (5)
convergesinto the approximate null spaceof A.

Prop osition 2 SupposeA hasan approximate rank k with an approximate null space W and
x0 is not orthogonal to W . Then the iteration (5) generates a vector sequence

n
x j

o
and a

scalar sequence
n

&j

o
where x j convergesinto W linearly in the following sense








_
x j








2






^
x j








2

�

 ^
�
_
�

! 2j







_
x 0








2






^
x 0








2

; j = 0; 1; � � � ; (8)

and &j satis�es

� n � &j �
^
� +

 ^
�
_
�

! 2j







_
x 0








2






^
x 0








2

� 1: (9)
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Pro of. Let x0 = u1v1 + � � � + unvn . From Lemma 1,

x1 = �
�

u1

� 2
1

v1 + � � � +
un

� 2
n

vn

�

for certain � 2 R and with � =
�

^
�

2 ,

x1 = �

0

@
^
�

2

� 2
1

u1v1 + � � � +
^
�

2

� 2
n

unvn

1

A =
_
x 1 +

^
x 1

where








_
x 1








2
=













�

0

@
^
�

2

� 2
1

u1v1 + � � � +
^
�

2

� 2
k

ukvk

1

A














2

� j� j

 ^
�
_
�

! 2 






_
x 0








2








^
x 1








2
=













�

0

@
^
�

2

� 2
k+1

uk+1 vk+1 + � � � +
^
�

2

� 2
n

unvn

1

A














2

� j� j







^
x 0








2
:

Since







^
x 0








2
6= 0, we have








_
x 1








2






^
x 1








2

�

 ^
�
_
�

! 2







_
x 0








2






^
x 0








2

. By a simple induction, the

inequality (8) follows. For inequality (9),

� n �






 Ax j








2




 x j








2

�






 A

_
x j








2




 x j








2

+






 A

^
x j








2




 x j








2

�













A

0

@
_
x j







^
x j








2

1

A














2

+













A

0

@
^
x j







^
x j








2

1

A














2

� � 1

2

4

 ^
�
_
�

! 2j







_
x 0








2






^
x 0








2

3

5 +
^
� :

Q.E.D.

As an important special case,if there is a signi�cant gap in magnitude between� n� 1 and � n ,
then the iteration (5) convergesto � n and its associated singular vector v n .

Corollary 1 Let � n� 1 > � n and x0 be an initial vector satisfying x >
0 vn 6= 0. Then in the

Gauss-Newtoniteration in (5) the matrix B j =

 
2� x>

j
A

!

is of ful l rank with well de�ned

pseudo-inverseand the sequences
n

&j

o
and

8
<

:
x j





 x j








2

9
=

;
converge to � n and vn respectively with














x j




 x j








2

� vn














2

�
�

� n

� n� 1

� 2j
"

1 +
�

� n

� n� 1

� 2j
# 







_
x 0








2






^
x 0








2

�
�
� &j � � n

�
�
� �

�
� n

� n� 1

� 2j

� 1








_
x 0








2






^
x 0








2

; j = 1; 2; � � � :

Pro of. Since � n� 1 > � n � 0, Av j 6= 0 for j = 1; � � � ; n � 1. So, B0 is of full rank becauseof
the assumption x>

0 vn 6= 0 . Similarly B j is of full rank for all j > 0 sincex >
j vn 6= 0 from (8).

The proof of the remaining assertionsis a straightforward veri�cation. Q.E.D.



A RANK-REVEALING METHOD 7

4 Computing the appro ximate null space

The iteration (5) produces a vector w 1 in the approximate null spaceW of A. When the
dimension of W is bigger then one, we may stack a row of scalar multiple of w >

1 on top
of A to form a new matrix B . It will be shown in this section that another null vector
w2 of A orthogonal to w 1 can be produced when the iteration (5) is applied to B . This
de
ation-iteration processcan be continued recursively to producean orthogonal basisfor the
approximate null spaceW .

Prop osition 3 Under the sameassumptionsof Proposition 2, for any unit vector w 2 W ,
the matrix

B =

 
%w >

A

!

; %�
_
� (10)

has singular values
n

� 0
j

on

j =1
satisfying

� 0
1 � � � � � � 0

k+1 �
_
� >

^
� � � 0

k+2 � � � � � � 0
n ; (11)

and its approximate null space W 0 spanned by the singular vectors of B associated with
� 0

k+2 ; � � � ; � 0
n is a subspace of W .

Pro of. Sincew 2 W , write w = � k+1 vk+1 + � � � + � nvn with � 2
k+1 + � � � + � 2

n = 1. The
singular value decomposition A = U� V > yields

 
1

U>

!

B V =

 
%w > V
U> AV

!

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 � � � 0 %�k+1 � � � %�n
� 1

. . .
� k

� k+1
. . .

� n

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

It is easyto seethat

B w =

 
1

U

!

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

%
0
...
0
� k+1 � k+1
...
� n � n

0
...
0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; and





 B w








2
� %

s

1 +
� 2

n

%2 >
_
� :
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Let u = � k+1 vk+1 + � � � + � nvn be any unit vector in W that is orthogonal to w. Then

B u =

 
1

U

!

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

%(� k+1 � k+1 + � � � + � n � n )
0
...
0
� k+1 � k+1
...
� n � n

0
...
0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

 
1

U

!

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0
0
...
0
� k+1 � k+1
...
� n � n

0
...
0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

and 




 B u








2
=

q
� 2

k+1 � 2
k+1 + � � � + � 2

n � 2
n �

^
�

q
� 2

k+1 + � � � + � 2
n =

^
� :

In other words, every vector u 2 W orthogonal to w is an approximate null vector of B . Letn
w; v0

k+2 ; � � � ; v 0
n

o
be an orthonormal basis of W and let �W = span

n
v0

k+2 ; � � � ; v 0
n

o
. Then

�W ? = span
n

v1; � � � ; v k ; w
o

, and






 B x








2
�

_
�






 x








2
; 8x 2 �W ?






 B y








2
�

^
�






 y








2
; 8y 2 �W

which imply (11). Q.E.D.

In practice, we may choose %= kAk1 . Since in applying the iteration (5) on B , w 2 is the
least squaressolution of 0

B
@

� w >
2

%w >
1

A

1

C
A w2 =

0

B
@

�
0
0

1

C
A :

Thus w2 2 W is approximately orthogonal to w 1. This processcan be continued recursively
to calculate an orthogonal basis for the approximate null spaceW .

As an important special case,if the gap � n� 1 � � n is signi�cant, the iteration (5) convergesto
w = vn and &= � n . In this case,stacking a row %v >

n on top of A will make � n� 1 the smallest
singular value of the resulting matrix.

Corollary 2 Let � be a singular valueof A with associated singular vector v . Then the matrix

A � =

 
� v>

A

!

(12)

has the same singular values and corresponding singular vectors as those of A, except the
singular value � of A is replaced by the singular value

p
� 2 + � 2 of A � associated with the

samesingular vector v .
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Pro of. For simplicit y, let � = � n and SVD of A be A = U� V > . We have

 
1

U>

!  
� v>

A

!

V =

 
� v> V
U> AV

!

=

0

B
B
B
B
B
B
B
B
B
B
@

0 � � � 0 �
� 1

. . .
� n� 1

�

1

C
C
C
C
C
C
C
C
C
C
A

:

By applying Givenstransformation from the left on � and � , it is clear that the singular value
� of A is replacedby the singular value

p
� 2 + � 2 of A � while the associated singular vectors

remain the same. Q.E.D.

5 The overall algorithm

As given in De�nition 1, the approximate rank k of matrix A dependscritically on the chosen
tolerance � > 0 for which singular valuesof A satisfy

� 1 � � � � � � k > � > � k+1 � � � � � � n : (13)

Unfortunately, no uniform threshold for such tolerancesexits. Sincethe sizesof singular values
of the target matrix can be manipulated by scalingthe entries of the matrix in many occasions,
oneusually choosesthe tolerancerelative to the sizeof A, and the in�nite norm kAk1 is often
used for this measurefor its easyevaluation. That is, the user must decide a small number
� > 0 basedon the nature of the applications and uses� = � kAk1 as the tolerance.

The reciprocal of the gap 
 = � k
� k +1

canbeconsidereda condition number for this rank revealing
problem, meaning: the larger the gap is the more accurate the approximate rank will be. If

 is large, say 103, then every iterativ e step in (5) will improve the convergenceby 6 digits
becausein Proposition 2 the sequencesf x j g and f &j g satisfy








_
x j








2






^
x j








2

�
�
10� 3

� 2j








_
x 0








2






^
x 0








2

and � n � &j � � k+1 +
�
10� 3

� 2j








_
x 0








2






^
x 0








2

� 1:

After three iteration stepsthey become







_
x 3








2






^
x 3








2

� 10� 18








_
x 0








2






^
x 0








2

and � n � &3 � � k+1 + 10� 18








_
x 0








2






^
x 0








2

� 1:

Since the machine epsilon of IEEE standard double precision is about 2:2 � 10� 16, therefore
x3 in this caseis su�cien tly accurate to be an approximate null vector unlessthe randomly
choseninitial vector x 0 is almost orthogonal to the approximate null space.

Let (� 1; v1); � � � ; (� n ; vn ) be the singular pairs of A with � j 's satisfying (13). For an input
tolerance � > 0, our algorithm beginswith calculating the approximate smallest singular pair
(�̂ n ; v̂n ). If �̂ n > � kAk1 , then A will be classi�ed as being full rank, and the processstops.
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Pseudo-co de RankRev :
input: Matrix A 2 R m� n , threshold � > 0

output: rank k, orthonormal basis
n

w k+1 ; � � � ; wn

o
of the null space.

QRdecomposition A = QR
Initialize B = R, � = kAk1

For k = n; n � 1; � � � ; 1 do
generate a random unit vector x 0

for j = 0; 1; 2 do

D =

"
2� x>

j
B

#

, b =

"
� x>

j x j � �
B x j

#

Hessenberg QRdecomposition D = QR
backward substitution to solve Rz = Q> b for z

x j +1 = x j � z, &=





 Rx j +1








2






 x j +1








� 1

2
if &< � � then

w k = x j +1 =





 x j +1








2
break j -loop

end if
end do
if &> � � then

break k-loop
else

Hessenberg QRdecomposition [� w >
k ; B ] = QR

update B = R
end if

end do

Figure 1: Pseudo-code of RankRev

Otherwise the algorithm continues by calculating approximate singular pairs (�̂ n� 1; v̂n� 1),
(�̂ n� 2; v̂n� 2), � � �. Once �̂ k > � kAk1 is encountered, the processwill be terminated with k
being taken as the approximate rank of A and spanf v̂k+1 ; � � � ; v̂ng becomesthe approximate
null space. If the gap 
 = �̂ k

�̂ k +1
is not as large, usually it needsmore than three iteration steps

in (5) for each singular value. The users need to make decision on the number of iteration
steps basedon the nature of the application. The overall algorithm RankRev is shown in a
pseudo-code in Fig. 1.

Example: We �rst generate a 20 � 12 random matrix B and compute its singular value
decomposition B = U� V > . Then by resetting the diagonal matrix � with the singular values
replacedby

1, 1e-1, 1e-2, 1e-3, 1e-7, 1e-8, 1e-11, 5e-12, 1e-13, 1e-14, 0.99e-14, 0.97e-14,

the test matrix A is set to be B = U� V > with this new �. For threshold � = 1:0e � 10,
Algorithm RankRev provides 6 approximate singular values. The comparison of the exact
singular valuesand their approximation is shown in Table 1.
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exact singular approximate singular
value value

� 7 1.00e-11 0.85234e-11
� 8 5.00e-12 7.23564e-12
� 9 1.00e-13 0.99995e-13
� 10 1.00e-14 1.0007e-14
� 11 0.99e-14 0.98321e-14
� 12 0.97e-14 0.98630e-14

Table 1: Exact and approximate singular values

In rank revealing, the main interest lies in the magnitude rather than the correct digits of the
approximate singular value, and our algorithm achievesthis goal in this example. On the other
hand, the residual kA(v̂7; � � � ; v̂12)k2 � 10� 11 and the distance between the exact null space
W and approximate null space cW is 3 � 10� 7. Apparently, the approximate null space cW is
quite accurate while the gap � 6=� 7 is just 103. This distance can be even smaller if the gap is
larger.

Practically, the iteration (5) is carried out by �nding a least squaressolution � x (= x j +1 � x j )
to the linear system  

2� x>
j

A

!

� x = �

 
� (x>

j x j � 1)
Ax j

!

(14)

at the j -th stage. To avoid unnecessaryQR decomposition of the full matrix at each step, we
may calculatethe QR decomposition of A before the iteration and update the QR decomposition
at each step.

With QR factorization A = Q

 
R
0

!

, �nding the least squaressolution to (14) is equivalent

to solving the least squaresproblem of
 

2� x>
j

R

!

� x = �

 
� x>

j x j � �
Rx j

!

(15)

for � x = x j +1 � x j , in which one usesthe QR decomposition of the upper Hessenberg matrix 
2� x>

j
R

!

. Updating the QR factorization of an n-column upper-Hessenberg matrix requires

n Givens transformations which cost O(n2) 
ops in total. After QR update, solving (15) for
its least squaressolution requires a total of O(n2) 
ops in backward substitutions.

The �nal QR factorization of

 
2� x>

j
R

!

can also be recycled as the QR decomposition of B

in (10) with � = 2� and w = x j . The computations are all in the order of O(n2) except the
�rst QR factorization of A which costsO(mn 2). Frequently, the QR decomposition of A had
already beencalculated for other purposes.
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6 Up dating and downdating

After the approximate rank k and the orthonormal basis
n

vk+1 ; � � � ; vn

o
of the approximate

null spaceW of A are computed, if a column or a row is augmented to A, re-calculating the
approximate rank and null spaceis called updating. If a column or a row is deleted from A,
the additional rank determination is called downdating. Updating and downdating subject to
adding/deleting a row or a column can be e�cien tly carried out in our rank revealing method.
We shall addressthose four casesseparately below.

It will becomeapparent in our discussionthat e�cien t updating/do wndating in our method
is actually the problem of e�cien t updating/do wndating the QR decomposition of certain
matrices. When A is of full rank, in this casek = n, the problem becomesupdating/do wndating
the QR decomposition of A itself which were discussedin detail in [6]. We therefore assume
k < n in all the caseswe shall discuss.

6.1 Column up dating

Without loss of generality, we assumea vector an+1 is attached to A = (a1; � � � ; an ) in the
right and let A0 = (a1; � � � ; an ; an+1 ). Clearly the null spaceW 0 of A0 contains

n
v0

k+1 � � � ; v0
n

o

where

v0
j =

 
v j

0

!

; j = k + 1; � � � ; n:

Thosev 0
j 's remain orthonormal. The approximate rank of A 0 is either k or k + 1. Only when it

stays at k, there is an additional vector in the orthonormal basisof W 0. To �nd this possible
additional vector, the Gauss-Newtoniteration (5) may be applied on the matrix

Â =

0

B
B
B
B
@

� v
0>
k+1
...

� v
0>
n

A0

1

C
C
C
C
A

=

0

B
B
B
B
@

� v>
k+1 0
...

...
� v>

n 0
A an+1

1

C
C
C
C
A

via its QR decomposition. In the end of algorithm RankRev for the rank decisionof A, the
QR decomposition 0

B
B
B
B
@

� v>
k+1
...

� v>
n

A

1

C
C
C
C
A

= Q

 
R
0

!

is available. Let

Q> Â = Q>

0

B
B
B
B
@

� v>
k+1 0
...

� v>
n 0

A an+1

1

C
C
C
C
A

=

 
R d1

0 d2

!

;

and H be the Householdertransformation matrix satisfying

H d2 =

0

B
B
B
B
@



0
...
0

1

C
C
C
C
A

:
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Then

Â =

0

B
B
B
B
@

� v0>
k+1
...

� v0>
n

A0

1

C
C
C
C
A

=

0

B
B
B
B
@

� v>
k+1 0
...

� v>
n 0

A an+1

1

C
C
C
C
A

= Q

 
I n� n 0

0 H >

!

0

B
B
B
B
B
B
@

R d1

0


0
...
0

1

C
C
C
C
C
C
A

= Q0

 
R0

0

!

:

We may now apply the Gauss-Newton iteration (5) on Â via R0 to compute the additional
basisvector in the null spaceof A0, or declareits absence.The additional 
ops are in the order
of O(n2).

6.2 Column downdating

Let ~A = (a1; � � � ; al � 1; al+1 ; � � � ; an ) be downdated from A, and ~W denote the null spaceof
~A. If the dimension n � k of the null spaceW = span

n
vk+1 ; � � � ; vn

o
is one, then the

dimension of ~W is either 0 or 1. One can achieve the downdating of ~W by simply applying
the Gauss-Newtoniteration (5) on ~A via its QR decomposition | a downdating of the QR
decomposition of A (see[6]).

If n � k > 1, write

V = [vk+1 ; � � � ; vn ] =

0

B
@

v1;k+1 � � � v1n
...

. . .
...

vn;k +1 � � � vnn

1

C
A 2 R n� (n� k� 1):

Let H be the Householdertransformation matrix satisfying

H

0

B
B
B
B
@

vl ;k+1

vl ;k+2
...

vl ;n

1

C
C
C
C
A

=

0

B
B
B
B
@

�
0
...
0

1

C
C
C
C
A

:

This makes

V H > =

0

B
B
B
B
B
B
B
B
B
B
B
@

� � � � � �
...

...
. . .

...
� � � � � �
� 0 � � � 0
� � � � � �
...

...
. . .

...
� � � � � �

1

C
C
C
C
C
C
C
C
C
C
C
A

 � l -th row:

The columns of VH > are orthonormal because

(V H > )> (V H > ) = H (V > V)H > = H > I n� kH = I n� k ;

and since





 A(V H > )








2
�






 AV








2






 H >








2
=






 AV








2
, thosecolumnsalsoform a basisof W . Delete

the �rst column of VH > and let [v̂k+2 ; � � � ; v̂n ] be the remaining matrix. For j = k + 2; � � � ; n,
removing the zero component of v̂j at the l-th entry , the resulting vector ~vj yields

Av̂j = ~A~vj ; j = k + 2; � � � ; n;
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and f ~vk+2 ; � � � ; ~vng forms an orthonormal basisfor a subspaceof ~W . An additional null vector
in the orthonormal basis of ~W exists when the dimension of ~W is n � k. To verify this
possibility by applying the Gauss-Newtoniteration (5) on

Â =

0

B
B
B
B
@

� ~v>
k+2

...
� ~v>

n
~A

1

C
C
C
C
A

as before requires the QR decomposition of Â. In the �rst place, the QR decomposition of ~A,
~A = ~Q ~R, is a downdating of the QR decomposition of A which requires no more than O(n2)

ops [6].

Since

Â =

0

B
B
B
B
@

� ~v>
k+2

...
� ~v>

n
~A

1

C
C
C
C
A

=

0

B
B
B
B
@

� ~v>
k+2

...
� ~v>

n
~Q ~R

1

C
C
C
C
A

=

 
I n� k� 1 0

0 ~Q

!

0

B
B
B
B
@

� ~v>
k+2

...
� ~v>

n
~R

1

C
C
C
C
A

;

the QR decomposition of Â may be obtained by taking the QR decomposition of
0

B
B
B
B
@

� ~v>
k+2

...
� ~v>

n
~R

1

C
C
C
C
A

;

which requires O((n � k)n2) 
ops. On the other hand, iteration (5) requires O(n2) 
ops.

6.3 Row up dating

Let A0 =

 
x>

A

!

and W 0 be the approximate null spaceof A0. Clearly W 0 � W , and if x is

approximately orthogonal to W , then W 0 = W . No additional calculation is required in this
situation.

If n � k = 1, then, as in column downdating, the rank updating becomesan updating on
the QR decomposition of A (see[6]), and we may employ the Gauss-Newtoniteration (5) to
calculate the approximate null spaceof A0 and clarify its dimension being 0 or 1.

When n � k > 1, let W = (v k+1 ; � � � ; vn ) 2 R n� (n� k) . When





 W > x








2
is not small, then the

approximate null spaceW 0 of A0 is of dimension n � k � 1. The following processcalculates
an orthonormal basisof W 0.

1. Calculate y = W > x 2 R n� k .

2. Expand the vector y to an (n � k) � (n � k) orthogonal matrix (y ; y k+2 ; � � � ; yn ) by
�rst constructing a Householdertransformation matrix H = (h k+1 ; � � � ; hn ) which makes
H y = (1; 0; � � � ; 0)> , then letting y j = h j , j = k + 2; � � � ; n.
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3. Set E = (y k+2 ; � � � ; yn ) 2 R (n� k)� (n� k� 1) , and let W E = (v 0
k+2 ; � � � ; v 0

n ) 2 R n� (n� k� 1) :

The vectors v 0
k+2 ; � � � ; v 0

n are orthonormal, because

(W E)> (W E) = E >
�
W > W

�
E = I (n� k� 1)� (n� k� 1):

Moreover

x> W E = y> E = 0

and,





 A0W E








2
=






 AW E








2
�






 AW








2






 E








2
=






 AW








2
�

^
� :

Therefore, those orthonormal vectors v 0
k+2 ; � � � ; v 0

n form an orthogonal basisof W 0.

6.4 Row downdating

Here, we considerdeleting the top row only. The procedure is similar when an arbitrary row
is deleted.

If downdating of the top row is needed, we will adjust our rank revealing method. After
�nding a null vector w, instead of stacking %w > on top of A, we attach %w > at the bottom
so that the top row of A to be deleted still stays on top. All the theoretical results of our

method remain valid. From the QR decomposition of A, the QR decomposition of

 
A

%w >

!

becomes

 
Q

1

!  
R

%w >

!

. Now

 
R

%w >

!

is no longer an upper Hessenberg matrix.

However, its QR decomposition only requires n Givens rotations which cost essentially the
sameas converting a Hessenberg matrix.

With this adjustment, the procedure RankRev produces an approximate rank k of A, an
orthonormal basisf w k+1 ; � � � ; wn g for the approximate null spaceW of A, and a QR decom-
position 0

B
B
B
B
@

A
%w >

n
...
%w >

k+1

1

C
C
C
C
A

= Q0

 
R0

0

!

: (16)

When the top row of A is deleted,all those vectors w k+1 ; � � � ; wn remain as null vectors of the
resulting matrix A1 with the possibility of an additional null vector in the orthogonal basisof
its null spaceW1.

It takesn � 1 Givens transformations to convert (16) to the following form [6, x12.5.3]
0

B
B
B
B
@

A
%w >

n
...

%w >
k+1

1

C
C
C
C
A

=

 
1

Q1

!
2

6
6
6
4

r >

 
R1

0

!

3

7
7
7
5

=

2

6
6
6
4

r >

Q1

 
R1

0

!

3

7
7
7
5

(17)

whereR1 is upper triangular, Q1 is orthogonal and r > is the top row of A. This transformation
requires O(n2) 
ops.
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By deleting the top row of A, the matrix of remaining rows along with %w >
k+1 ; � � � ; %w >

n has

a QR decomposition Q1

 
R1

0

!

. Therefore, computing the possibleadditional null vector is

simply an application of the iteration (5) via R1.

Remark: It was mentioned in [5], row downdating may be di�cult and complex for UTV
decomposition: \ � � � [W]e want to emphasizethat numerically stable UTV downdating algo-
rithms have becomevery complex, and the computational overhead can becomequite large,
especially when the exact rank decreases.It may be worth to considerwhether recomputation
of the ULV decomposition � � � is to be preferred � � �". In comparison, row downdating in our
algorithm is quite straightforward.

7 Applications

7.1 Computing polynomial GCD

Given two or more univariate polynomials, a new method of computing their greatestcommon
divisor (GCD) helps to establisha novel algorithm that accurately calculatespolynomial roots
and their multiplicities without using multiprecision arithmetic even if the polynomial is inex-
actly given [15]. This root-�nding method is implemented in the Matlab packageMul tR oot
[16]. Our rank revealing method and recursive column updating play an important role in the
new GCD-�nder and the root-�nder.

For any polynomial h(x) = h0xk + h1xk� 1 + � � � + hk , its coe�cien t vector is denoted by
h = (h0; h1; � � � ; hk )> . Let p(x) and q(x) be polynomials of degreesn and m respectively.
Write

p(x) = p0xn + p1xn� 1 + � � � + pn

q(x) = q0xm + q1xm� 1 + � � � + qm

with n � m. A polynomial u(x) is a greatest common divisor of p(x) and q(x), denoted by
GCD(p;q), if there are polynomials v(x) and w(x) such that

u(x)v(x) = p(x)
u(x)w(x) = q(x)

(18)

where v(x) and w(x) share no common roots (or equivalently, no common factors). The
(n + r ) � (n � m + 2r ) matrix

Sr (p;q) =

r
z }| {

n� m+ r
z }| {

0

B
B
B
B
B
B
B
B
B
B
@

p0

p1
. . .

...
. . . p0

pn p1
. . .

...
pn

q0

q1
. . .

...
. . . q0

qm q1
. . .

...
qm

1

C
C
C
C
C
C
C
C
C
C
A

; n � m; r = 1; 2; � � � ; m

is called the r -th Sylv ester subresultan t matrix of p and q, The following results are well
known [10, 15]:
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� Sm (p;q) is of rank n + m � 2l + 1 if and only if deg(GCD(p;q)) = l � 1.

� Sr (p;q) has full rank if and only if deg(GCD(p;q)) � m � r .

� If Sr � 1(p;q) is of full rank and Sr (p;q) is rank de�cient, then the null space of

Sr (p;q) is spannedby the vector

 
w

� v

!

whosecomponents v 2 R n� m+ r and w 2 R r

are coe�cien t vectors of v(x) and w(x) in (18) respectively. Also, deg(GCD(p;q)) =
m � r + 1.

From those results, one may calculate GCD(p;q) by �nding the �rst rank de�cient Sylvester
matrix Sr (p;q) in the sequence

S1(p;q); S2(p;q); � � � ; Sm (p;q)

and a (single vector) basis of the null space. A GCD-�nder constructed in this way can be
illustrated in the following process.

First, we form S1(p;q), set the �rst permutation P1 = I (n� m+2) � (n� m+2) , and calculate its QR
decomposition

T1 = S1(p;q)P1 = Q

R

1

1

:

If S1(p;q) rank de�cient, then GCD(p;q) = q. The processneedsto continue only if S1(p;q)
is of full rank. In general, if Sj (p;q) is of full rank with its pivoted QR decomposition Tj =
Sj (p;q)Pj = Qj Rj being available, we attach one zero row to the bottom of Tj and add two
columns

"
Q>

j
1

#

2

6
6
6
6
6
6
6
6
6
4

0
...
0
q0
...

qm

3

7
7
7
7
7
7
7
7
7
5

and

"
Q>

j
1

#

2

6
6
6
6
6
6
6
6
6
4

0
...
0
p0
...

pn

3

7
7
7
7
7
7
7
7
7
5

to the right of the resulting matrix to form Tj +1 . With a proper permutation matrix Pj +1 , we
have Tj +1 P>

j +1 = Sj +1 (p;q). Therefore

Tj = Sj (p;q)Pj =

Rj

jQ

Rj

jQ
1
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=

Rj+1

Q j+1 = Sj +1 (p;q)Pj +1 = Tj +1 .

Updating the QR decomposition of Tj +1 = Sj +1 (p;q)Pj +1 requires only O(n + m) additional

ops. We apply the iteration (5) on R j +1 for a null vector. If R j +1 (or equivalently Sj +1 (p;q))
remains in full rank, the processcontinues to j + 2 in a similar way. It stops at the (column
permuted) k-th Sylvesterresultant matrix Tk = Sk(p;q)Pk that is the �rst to be rank de�cient.

It can be shown that the null spaceof Tk is of dimension one with a single null vector z 2
R n� m+2 k in its basis. Let

 
w

� v

!

= P>
k z with w 2 R k and v 2 R n� m+ k :

Then v and w are coe�cien t vectors of v(x) and w(x) satisfying (18). Now u(x) = GCD(p;q)
is the quotient of p(x) and v(x). However, it is numerically unstable to use polynomial long
division p(x) � v(x) for u(x) [15]. Instead, we usethe \least squaresdivision" [15] which solves
the coe�cien t vector u of u(x) as a least squaressolution to

0

B
B
B
B
B
B
B
B
B
B
@

v0

v1
. . .

...
. . . v0

vs v1
. . .

...
vs

1

C
C
C
C
C
C
C
C
C
C
A

u =

0

B
B
B
B
B
B
B
B
B
B
@

p0

p1
...
...
...

pn

1

C
C
C
C
C
C
C
C
C
C
A

; u 2 R m� k+2 ; s = n � m + k � 1: (19)

As a result, u(x) = GCD(p;q) is obtained.

The procedure listed in Figure 2 illustrates the calculation of deg(GCD(p;q)) and the coe�-
cients of u(x), v(x) and w(x) in (18). To achieve highestattainable accuracy, the Gauss-Newton
iteration on a quadratic system basedon (18) can be applied to re�ne the GCD [15].

7.2 Non-isolated solutions to a polynomial system

When a numerical solution x 0 of a system of polynomial equations

P(x) =
�

p1(x); � � � ; pn (x)
�

= 0 where x = (x1; � � � ; xn )> 2 Cn

is obtained, we wish to identify whether x 0 is an isolated solution of P(x) = 0. While in
the previous sectionswe mainly focus our attention on the development of our method and
algorithm in the real vector spaceR n , the entire content remains valid in C n with proper
adjustments.

If the Jacobian,denotedby Px (x), at x0 allows no small (relative to kPx (x0)k1 ) singular values,
x0 is of coursean isolated solution. When our rank revealing algorithm is applied to Px (x0)
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Pseudo-co de GCD :
input: coefficient vectors for p(x), q(x)
output: d = deg(GCD(p;q)) , coefficients of v(x) and w(x) in (18)

QRdecomposition QR = S1(p;q)
For j = 1; 2; � � � ; m do

Gauss-Newton iteration (5) on R, get % and x
if % is small enough, then

extract coefficients of v(x) and w(x) from x
solve (19) for the coefficients of u(x)
exit

else
if j � m then

update Qj +1 Rj +1 = Sj +1 (p;q)Pj +1

else
deg(GCD(p;q)) = 0, v(x) = p(x), w(x) = q(x)

end if
end if

end do

Figure 2: Pseudo-code of GCD

and the result shows it admits very small singular values,x 0 may lie on a solution component
of P(x) = 0 with positive dimension or it may still be an isolated zero with multiplicit y � 2.
Our strategy to distinguish those casesis given below.

If Px (x0) permits only onesingular value that appearstiny and if x 0 is not an isolated solution,
then x0 must lie on a one (complex) dimensional solution component M of P(x) = 0. We will
begin to identify this path to a substantial length by a path following schemedeveloped in [7].
If this attempt fails, no such solution component M may exist and x 0 will be classi�ed as an
isolated solution of P(x) = 0.

When Px (x0) has k > 1 very small singular valuesas a result of our rank revealing algorithm,
we augment P(x) = 0 with k � 1 generichyperplanes

aH
j (x � x0) = 0; j = 1; � � � ; k � 1

at x0. The enlargedsystem

bP(x) =

8
>>>><

>>>>:

P(x) = 0
aH

1 (x � x0) = 0
...

aH
k� 1(x � x0) = 0

(20)

will produce a one dimensional component cM of bP(x) = 0 if the solution component M of
P(x) = 0 to which x0 belongsis of dimensionk. Thus, the assertionthat dim(M ) = k is valid
only if we can identify cM by following this path to a satisfactory length. If the path following
can not be carried out successfully, such component cM may not exist. We will then remove
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hyperplane aH
k� 1(x � x0) = 0 in (20) and restart our e�ort to identify the one dimensional

component
ccM produced by

ccP(x) =

8
>>>><

>>>>:

P(x) = 0
aH

1 (x � x0) = 0
...

aH
k� 2(x � x0) = 0:

(21)

The existenceof such component
ccM of

ccP = 0 implies the solution component M of P(x) = 0
containing x0 is of dimension k � 1. If it fails, the processmay be continued in the same
manner and the dimension of M will ultimately (very soon in practice) be determined. Of
course, when dim(M ) = 0, x 0 is an isolated zero even though Px (x0) may have very small
singular valuesfrom our rank revealing algorithm.

Example [11]: Consider the polynomial system P(x) =
�

p1(x); p2(x); p3(x)
�

, x =

( u; v; w ) 2 C 3 where

p1(x) = (v � u2) � (u2 + v2 + w2 � 1)( u � 0:5)
p2(x) = (w � u3)(u2 + v2 + w2 � 1)( v � 0:5)
p3(x) = (v � u2)(w � u3)(u2 + v2 + w2 � 1)(w � 0:5):

Obviously, the solution set of P(x) = 0 consistsof

1. A two-dimensionalcomponent u2 + v2 + w2 = 1;

2. Four one-dimensionalcomponents

(a) line u = 0:5, v = (0:5)3;

(b) line u =
p

0:5, v = 0:5;

(c) line u = �
p

0:5, v = 0:5;

(d) twisted cubic v = u2, w = u3;

3. One isolated solution (u; v; w) = (0:5; 0:5; 0:5).

When the polyhedral homotopy continuation method [8] was used to solve P(x) = 0, 129
numerical solutions were obtained. We applied our method to all those solutions, and the
result shows

� 112 of them lie on the 2-dimensionalcomponent,

� 16 of them lie on 1-dimensionalcomponents (four on line 2a, four on line 2b, four on line
2c, four on line 2d),

� one isolated solution.

When we classi�ed a solution x 0 that is lying on a 2-dimensionalcomponent of P(x) = 0 for
instance, we substituted x 0 into u2 + v2 + w2 = 1 to verify the accuracyof our identi�cation.
And the results were all accurate.
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