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Abstract

A new rank revealing method is proposed. For a given matrix and a threshold for near-
zero singular values, the method calculates approximate singular values below the threshold
one by one along with approximate null vectors by employing a globally convergent iterative
scheme as well as a deflation technique. As a result, the method returns the approximate
rank of the matrix and an orthonormal basis for the approximate null space. When a row or
column is added or deleted, strategies for updating/downdating the approximate rank and
null space are quite straightforward and efficient. The new algorithm plays a key role for
some important applications, such as numerical computation of the GCD of polynomials
as well as identification of non-isolated zeros of polynomial systems as shown in the article.

1 Introduction

The numerical rank determination arises in many applications that involve matrix computa-
tions such as those discussed in a series of proceedings, SVD and Signal Processing, I, II, II1
[4, 9, 14]. While the singular value decomposition (SVD) is undoubtedly the most reliable
method to determine the rank numerically, there are certain drawbacks. Among them, it is
generally more expensive, it may not be able to take advantage of the matrix structure, and
usually it is not easy to update or downdate when rows/columns are added or deleted. Alterna-
tive methods have been suggested, such as rank-revealing QR decomposition (RRQR) [1, 2, 3]
and rank-revealing two-sided orthogonal decompositions (UTV, or URV/ULV) [5, 12, 13].

In this paper, a new rank-revealing algorithm is proposed. For a given m x n matrix A, instead
of calculating its decomposition that may reveal the approximate rank, our method directly
calculates the approximate rank and null space of A. We briefly outline the method as follows.
Without loss of generality, we assume m > n, and let 01 > 09 > -+ > 0, > 0 be the singular
values of A. Since the smallest singular value ¢,,;, = o, satisfies

Omin = min HAXH ,
[I[l2=1 2

the problem of finding ¢,,;, can be converted to solving the overdetermined system

x| T
(A >X2<0> where 7 > oy, (1)
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for its least squares solution x. For this purpose, one may use the Gauss-Newton iteration [2]

2ijT i ijij—T
AR A ' Ax;

| 441, . )
Sj+1 ) j=0,1,--

[ %541,
Here, for a matrix B, BT stands for its pseudo-inverse. It can be shown that (Lemma 1 in
§3) the Gauss-Newton iteration in (2) is essentially the inverse iteration on the matrix A" A
without undesirable matrix multiplication. The global convergence of the iteration is therefore
warranted, and (g;,x;) will converge to the singular pair (oy,,vy). In this article, unless
otherwise mentioned, we always use “singular vector” to represent “right” singular vector.
After 0, = oin is calculated along with its associated singular vector v,,, the matrix

-
Ag=<"}>, 0ER (3)

has the same set of singular value as well as their associated singular vectors as those of A
except the smallest singular value o, of A is replaced by +/0?>+ 02 in A, with associated
singular vector v,, (Corollary 2 in §4). So, if we choose ¢ = ||A||r, then the replacement
V0> + 02 becomes the largest singular value of A,. In the meantime, the second smallest
singular value 0,1 of A becomes the smallest of A,, and the iteration in (2) for finding the
smallest singular pair of A can be applied to A, to calculate the singular pair (oy—1,Vn—1)
of A. This process can be continued recursively to calculate as many singular values of A
as desired in ascending order o, < 0,1 < ---, along with their associated singular vectors
Vi, Vn—1, -+ When oy is larger than the prescribed threshold §||A|| o, we will admit k as
the approximate rank of A and the computed vii1,---,Vv, as an orthonormal basis for the
approximate null space of A.

Our method has been successfully implemented and applied to many applications. The algo-
rithm generally produces more reliable rank information than RRQR and it obviously costs
much less than those methods using full SVD. On the other hand, updating and downdating
in our method, elaborated in §6, are quite simple and straightforward, and consequently our
method enjoys a considerable advantage over UTV decomposition in this respect.

While the rank revealing has a large variety of applications, the development of our algorithm
follows the needs of two important applications emerged recently. They are: a stable numerical
algorithm for the computation of GCD (greatest common divisor) of univariate polynomials
and the identification of non-isolated numerical solutions of polynomial systems. The details
of those applications will be illustrated in §7.

2 The basic algorithm

As before, let A € R™ ™ (m > n) with singular values o3 > 09 > -+ > 0, > 0. We
first establish the equivalence between finding the smallest singular value ¢,,;, = o, of A and
solving the least squares problem of the quadratic system

<! T
<A )x:<0> with 7 > o,,. (4)
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Proposition 1 Let u € R" be a vector satisfying

)= (0)], e (30 ) = (5)

with a scaling factor T > o,. Then u is in the subspace W spanned by the right singular
vector(s) of A associated with the smallest singular value(s).

2 2

2 2

Proof. Let A=UXV " be the singular value decomposition of A with orthogonal U and V.

Let z=V'x, or x = Vz, where x= (21, ---,2,) and z= (z1,---,2,)". Let
2 2
Fn e ay) = x " N B XX — T
zy, yIn) = A 0 - Ax 9
2 2
then
2 2 2 2
floran) = o (xlx=1) |l = o (2T 1) 4| 2l
2
= 72 (z%+---+zi—1) +o2d 440222 = gz, 2).
Assume ¢(z) reaches its minimum at z =y = (y1,---,y»)' . Then
0 . .
—g :07 ]:17"'7”7 Le., 472(y%++y721_1)y]+20'3y]:0
82]' —

If y#0,let J={1<j<n|y; # 0}. Then for j € J, 0?2272 (1—23;?). Hence,
led

sz <272 and 0j = o for all j € J for certain o € {01, -+, 0,} with o < v/27. It follows that

2 2
g(y17”'7yn) = T2 (Zy?_l) +Zaj2y]2 = T2 (Zy?_l) +U2Zy]2

= = jeJ jeJ

= 72 (Zy]g_l)2+02 (Zy?—l) + o2

jeJ jeJ
2\ 2 4
_ 2 2 2 _ 2 O
= T <_ﬁ> +o <—2—2>+0' = g —m
ol
Therefore, the possible minimum values of g(z) are 0]2- — ﬁ, 7 = 1,--- n, along with
g(0,---,0) = 72 Those values are all attainable since, for every singular pair (oj,v;), let-

2
tingz:,sVij with 52:1—;5 yields
4 2 4
2 (.2 2, 2.2 29 2 9; 2 95
9(z) =77 (s = 1)" +0js :7'4—;4—1—0)» 1—2—;2 zaj——J.

The function h(B) = B2 — % is an increasing function for 3 € [0, 7], so

4 4

o o
: 2 J 2 n 2 2
min { . — —} = o, —— < o0, < T
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and g(z1,- -, 2,) reaches the minimum if 0 = o,,. Consequently, o; = o, for all j € J, and
u= Z y;v; where v; is the singular vector associated with 0,7 =1,---,n. Q.E.D.
jeJ

Based on Proposition 1, the smallest singular value of A can be calculated via solving system
(4) by the Gauss-Newton iteration [2]:

27'ij * ijij—T
A A ' Ax;

[l ?
Si+1 R J=0,1,--
],

where for a matrix B with full column rank, B* = (BT B)~!B is the pseudo-inverse of B. We
shall prove in the next section (§3) that the scalar sequence ¢;, j = 1,2,--- always converges
to the smallest singular value 0,,,;,. And if 0y, is a simple singular value, namely 0,1 # on,
then the vector sequences %ij and x;, j=1,2,--- converge to the corresponding left and
right singular vectors respectively. When o,,;, is not simple, ¢; still converges to o, while
%ij and x; converge into left and right singular subspaces associated with o ,,.

-
Notice that if A has more than one zero singular values, the matrix T will be rank

A

deficient and its pseudo inverse becomes undefined. While exact rank deficiency rarely occurs
in real computation, when it happens, replacing A by A + E with tiny ||E||2 will ensure the
existence of the pseudo-inverse. Such substitution has virtually no effect on the computing
results. For details, see [6].

In the remainder of this paper, we shall frequently refer to the iteration (5) above as “applying
the Gauss-Newton iteration on matrix A” for solving the least squares quadratic system in (4).
3 The convergence theory

The standard theory of the Gauss-Newton iteration warrants its local convergence under some
restrictions, and the convergence rate is at least linear. The following lemma shows that
the Gauss-Newton iteration (5) on the overdetermined quadratic system (4) is essentially the
inverse iteration on the matrix AT A, and the convergence is therefore global.

Lemma 1 Let A € R™*" be of full column rank, and let {x;} be a vector sequence generated
by the iteration (5). Then there are constants c¢;, j =0,1,--- such that

-1
-
Xj+1 = Cj (A A) X;- (6)
Proof. For simplicity, let x and y denote x; and x;;1 respectively. Now,
— x 2rx " XX — T
y = A Ax

[ (T3] ey ()
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= xX— (47'2xxT + ATA)_1 { (27’2xxT + ATA) X — 27'2x}
= x-— (47’2XXT + ATA)_l { (47'2xxT + ATA) x — 272x(x ' x) — QTZX}
= (4T2XXT + ATA)_1 272 (1 + XTX) X.
This yields
(4T2XXT + ATA) y = 272 (1 + XTX) x
(ATA) y = 72 (2 +2xx — 4XTy) X

-1
y = 272 (1 +x'x— QXTy) ATA) X. (7)
B T -1 . B 272 (1 +x"x)
So, y=c (A A) x with c¢= T 22 xT (AT A)T Q.E.D.

We now consider the determination of the approximate rank of A. A commonly used definition
is given below.

Definition 1 For a given tolerance 6 > 0, the approrimate rank of matrix A € R™*™ is k if
its singular values satisfy

0'12-“20k23>9>\0/'20'k+12-~20'n,

If the approximate rank of A is k, then W = span{ka, e ,Vn} is called the approximate
null space of A, where v; is the associated singular vector of o; for j =k+1,---,n.

Apparently, this approximate rank depends critically on the tolerance # > 0 one chooses. The
orthogonal complement of W, denoted by W, is span{vl, e ,vk}, and every vector z € R"™

can be written as z =2z + z with z€ W+ and ze W. We say a sequence of non-zero
vectors {zj} converges into W if

2l -
m 12l oz, 2o,

iz |z |2

The following proposition ensures that the vector sequence {x;} generated by iteration (5)
converges into the approximate null space of A.

Proposition 2 Suppose A has an approximate rank k with an approximate null space W and
xo s not orthogonal to W. Then the iteration (5) generates a vector sequence {xj} and a

scalar sequence {gj} where x; converges into W linearly in the following sense

%, (7)) %
X X
H jH < z 0 2 i=0.1.--- 8
— > | = _ , J=U L ) ()
EISZAE!

R N = 0
2

| xo

and ; satisfies
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Proof. Let x9 =wu1vy+ - -+ upVvy. From Lemma 1,

u u
X1=9<—;V1+"'+0—;Vn>

01 n
. . 0
for certain # € R and with a = —,
o
) )
o o —~ -
X1 =0Qa | —ulvi+ -+ —5UyVp = X1+ X1
1 n
where
-2 -2 N
~ o o o —~
H X1 H = ||o| —gu1Vi + -+ 5 ULV < laf{= ’ X0 H
2 o1 o o 2
2
-2 )
- o o -
[ Y A | N A
2 o o 2
k+1 n
2
e |, (ay ol .
Since H Xq H # 0, we have +——= < |=| 7——F*. By a simple induction, the
: | =, " \o/ | =
. . . . 2 2
inequality (8) follows. For inequality (9),
|4, _ [ax, [a®|
o 2 2 2
n — —=
X X X
Il = el ol
—~ - o\ 2j H - H
X ; X o 0 -
< JA| 7= + A =L < o1 (:) |+t
X X o H X H
|55 /0, 1A = [/, o,
Q.E.D.

As an important special case, if there is a significant gap in magnitude between o,_1 and o,
then the iteration (5) converges to o, and its associated singular vector v,.

Corollary 1 Let o,-1 > o, and xXg be an initial vector satisfying xgvn # 0. Then in the
2rx]

Gauss-Newton iteration in (5) the matriz B; = < AJ 18 of full rank with well defined

. X
pseudo-inverse and the sequences {gj} and { —2L—
1,

Hi_vn < (U" )2j 1+(U" )231 H fo Hz
1 Rl

S
(o} .
‘§j_an‘ < ( n) o1 27 .721727

} converge to o, and v, respectively with

Proof. Since 0,-1 >0, >0, Av; #0 for j =1,---,n —1. So, By is of full rank because of
the assumption x] v,, # 0 . Similarly Bj is of full rank for all j > 0 since Xijn # 0 from (8).
The proof of the remaining assertions is a straightforward verification. Q.E.D.
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4 Computing the approximate null space

The iteration (5) produces a vector wi in the approximate null space W of A. When the
dimension of W is bigger then one, we may stack a row of scalar multiple of WlT on top
of A to form a new matrix B. It will be shown in this section that another null vector
wo of A orthogonal to wi can be produced when the iteration (5) is applied to B. This
deflation-iteration process can be continued recursively to produce an orthogonal basis for the
approximate null space W.

Proposition 3 Under the same assumptions of Proposition 2, for any unit vector w € W,
the matriz .
ow -
B = > 1
< u ) 0>0 (10)
/

n
has singular values {aj}. . satisfying
]:

Oh > >0 20 >0 > oh,> >0, (11)

and its approzimate null space W' spanned by the singular vectors of B associated with
Olyar ==+ 0y, 05 a subspace of W.

Proof. Since w € W, write w = pg11Via1 + -+ + pnVn with Pi+1 + -+ pfl = 1. The
singular value decomposition A = UXV T yields

0 - 0 opry1 -+ opn
o1
o
1 ow 'V
< UT>BV - (UMV)Z Th+1
On
It is easy to see that
0
0
0
1 Pk+10k+1 | o2 ~
Bw—< U) : , and HBWH229 1+?>0.
PnOn
0
0
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Let u =&, 11Vir1 + - + &,V be any unit vector in W that is orthogonal to w. Then

0 (Ekt1pk41 + - + Enpn) 0
0 0
0 0
Bu— (! Sh+10k+1 (1 Erh+10k41
TLou ) -\ )|
éno'n an'n
0 0
0 0

HBuH2:\/€%+1U%+1+"‘+§%U% <0 .+ +& = e

In other words, every vector u € W orthogonal to w is an approximate null vector of B. Let
{W,V;Hz,---,v;} be an orthonormal basis of W and let W = span{vf,ﬁz,---,v;z}. Then

Wt = sp(m{vl, e ,Vk,W}, and

HBXH2 > EHX‘z’ Vx € Wt
|3s], < 7ls], wew
which imply (11). Q.E.D.
In practice, we may choose ¢ = ||A||s. Since in applying the iteration (5) on B, wy is the
least squares solution of
TWg T
ow{ |wa=1]0
A 0

Thus wo € W is approximately orthogonal to wi. This process can be continued recursively
to calculate an orthogonal basis for the approximate null space W.

As an important special case, if the gap 0,1 > 0, is significant, the iteration (5) converges to
w = v, and ¢ = 0. In this case, stacking a row gv; on top of A will make o,_1 the smallest
singular value of the resulting matrix.

Corollary 2 Let o be a singular value of A with associated singular vector v. Then the matriz

VT
Ay = ( o ) (12)

has the same singular values and corresponding singular vectors as those of A, except the
singular value o of A is replaced by the singular value \/p* + o2 of A, associated with the
same singular vector v.
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Proof. For simplicity, let ¢ = o, and SVD of A be A =UXV . We have

0 -~ 0 p
01

1 v’ v o— vV _
U’ A ~\vtav ) — On—1

By applying Givens transformation from the left on p and o, it is clear that the singular value
o of A is replaced by the singular value \/p? 4+ 02 of A, while the associated singular vectors
remain the same. Q.E.D.

5 The overall algorithm

As given in Definition 1, the approximate rank k of matrix A depends critically on the chosen
tolerance 6 > 0 for which singular values of A satisfy

TLZ> 20> 0> 041 > 2> 0y (13)

Unfortunately, no uniform threshold for such tolerances exits. Since the sizes of singular values
of the target matrix can be manipulated by scaling the entries of the matrix in many occasions,
one usually chooses the tolerance relative to the size of A, and the infinite norm || A|| o is often
used for this measure for its easy evaluation. That is, the user must decide a small number
d > 0 based on the nature of the applications and uses 6 = §||Al| as the tolerance.

The reciprocal of the gap v = % can be considered a condition number for this rank revealing
problem, meaning: the larger the gap is the more accurate the approximate rank will be. If
7 is large, say 103, then every iterative step in (5) will improve the convergence by 6 digits

because in Proposition 2 the sequences {x;} and {¢;} satisfy

[ ey B i | %o |
T < (10 3) —2 and o, < ¢ < opp1+ (10 3) 201
X X X
| = 1, | %], | %o ],
After three iteration steps they become
[N A T 8 s 2o,
= < 10 = and On < q3 < Ok+1 + 10 T—— 1 01
| % ], | =], | o],

Since the machine epsilon of IEEE standard double precision is about 2.2 x 10716, therefore
x3 in this case is sufficiently accurate to be an approximate null vector unless the randomly
chosen initial vector xg is almost orthogonal to the approximate null space.

Let (o1,v1), -+, (on,Vy) be the singular pairs of A with o;’s satisfying (13). For an input
tolerance d > 0, our algorithm begins with calculating the approximate smallest singular pair
(6, V). If 65, > 0 ||Al|lco, then A will be classified as being full rank, and the process stops.
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Pseudo-code RANKREV:
input: Matrix A € R™*", threshold ¢ >0
output: rank k, orthonormal basis {wk+1,---,wn} of the null space.
QR decomposition A = QR
Initialize B=R, 7= |4
For k=n,n—1,---,1 do
generate a random unit vector Xy
for 7=0,1,2 do
D [ 2ijT ] b— [ TX;Xj—T]
B ’ BXj
Hessenberg QR decomposition D = QR
backward substitution to solve Rz=Q'b for z

-1
N S ) o
if ¢ < 67 then
Wi = Xj+1/H Xj+1 H2
break j-loop
end if
end do
if ¢ > 07 then
break k-loop

else
Hessenberg QR decomposition [rw]; B]= QR
update B =R
end if
end do

Figure 1: Pseudo-code of RankRev

Otherwise the algorithm continues by calculating approximate singular pairs (6,-1,Vp—1),
(6n_2,Vn_2), ---. Once 6 > §||Al|sc is encountered, the process will be terminated with k
being taken as the approximate rank of A and span{¥yy1,---,Vv,} becomes the approximate
null space. If the gap v = U:i - is not as large, usually it needs more than three iteration steps
in (5) for each singular value. The users need to make decision on the number of iteration
steps based on the nature of the application. The overall algorithm RANKREV is shown in a

pseudo-code in Fig. 1.

Example: We first generate a 20 x 12 random matrix B and compute its singular value
decomposition B = USV T. Then by resetting the diagonal matrix ¥ with the singular values
replaced by

1, le-1, 1le-2, 1le-3, le-7, 1le-8, le-11, 5e-12, 1le-13, le-14, 0.99e-14, 0.97e-14,

the test matrix A is set to be B = ULV " with this new ¥. For threshold § = 1.0e — 10,
Algorithm RANKREV provides 6 approximate singular values. The comparison of the exact
singular values and their approximation is shown in Table 1.
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exact singular | approximate singular
value value
o7 1.00e-11 0.85234e-11
og 5.00e-12 7.23564e-12
09 1.00e-13 0.99995e-13
010 1.00e-14 1.0007e-14
o11 0.99e-14 0.98321e-14
012 0.97e-14 0.98630e-14

Table 1: Exact and approximate singular values

In rank revealing, the main interest lies in the magnitude rather than the correct digits of the
approximate singular value, and our algorithm achieves this goal in this example. On the other
hand, the residual ||A(¥7,---,V12)|l2 &~ 107! and the distance between the exact null space
W and approximate null space W is 3 x 1077, Apparently, the approximate null space W is
quite accurate while the gap og/07 is just 103. This distance can be even smaller if the gap is
larger.

Practically, the iteration (5) is carried out by finding a least squares solution Ax (= x+1 —X;)

to the linear system
27x] r(x]x; — 1)
J - _ j
< ) Ax < X, (14)

at the j-th stage. To avoid unnecessary QR decomposition of the full matrix at each step, we
may calculate the QR decomposition of A before the iteration and update the QR decomposition
at each step.

With QR factorization A = Q g ), finding the least squares solution to (14) is equivalent

to solving the least squares problem of

2rx] xIx;—T
J - _ I
( x >AX ( i ) (15)

for Ax = xj41 — X, in which one uses the QR decomposition of the upper Hessenberg matrix

R

n Givens transformations which cost O(n?) flops in total. After QR update, solving (15) for
its least squares solution requires a total of O(n?) flops in backward substitutions.

2rx ] : o : .
( X ) Updating the QR factorization of an n-column upper-Hessenberg matrix requires

2rx ]
The final QR factorization of < 7—;’ ) can also be recycled as the QR decomposition of B
in (10) with p = 27 and w = x;. The computations are all in the order of O(n?) except the
first QR factorization of A which costs O(mn?). Frequently, the QR decomposition of A had
already been calculated for other purposes.
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6 Updating and downdating

After the approximate rank k£ and the orthonormal basis {ka, e ,vn} of the approximate
null space W of A are computed, if a column or a row is augmented to A, re-calculating the
approximate rank and null space is called updating. If a column or a row is deleted from A,
the additional rank determination is called downdating. Updating and downdating subject to
adding/deleting a row or a column can be efficiently carried out in our rank revealing method.
We shall address those four cases separately below.

It will become apparent in our discussion that efficient updating/downdating in our method
is actually the problem of efficient updating/downdating the QR decomposition of certain
matrices. When A is of full rank, in this case k = n, the problem becomes updating/downdating
the QR decomposition of A itself which were discussed in detail in [6]. We therefore assume
k < n in all the cases we shall discuss.

6.1 Column updating

Without loss of generality, we assume a vector a,y; is attached to A = (aj,---,a,) in the
right and let A’ = (a1, -,a,,a,11). Clearly the null space W’ of A’ contains {V;H_l e ,V;L}

Those V;»’S remain orthonormal. The approximate rank of A’ is either k or k+1. Only when it
stays at k, there is an additional vector in the orthonormal basis of W’. To find this possible
additional vector, the Gauss-Newton iteration (5) may be applied on the matrix

where

T T
TVit1 TV 0
A= : _ :
!
v, TVZ 0
A A Aan+41

via its QR decomposition. In the end of algorithm RANKREV for the rank decision of A, the

QR decomposition
-

TVit1
: R
=Q
v, 0
A
is available. Let
Vi 0
Ti_oT : R d
A = * = s
< @ v, 0 ( 0 dp
A An+1

and H be the Householder transformation matrix satisfying
Y
Hd, =
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Then
i, v, 0 fod
S R N o Tnn O o | (R
4= CaCANN I B A _Q< 0 HT) U N Q<0 '
A’ A an+1 0

We may now apply the Gauss-Newton iteration (5) on A via R’ to compute the additional
basis vector in the null space of A’, or declare its absence. The additional flops are in the order

of O(n?).

6.2 Column downdating
Let A = (a,---,a_1,4;41, -, a,) be downdated from A, and W denote the null space of
A. If the dimension n — k of the null space W = span{ka, e ,vn} is one, then the

dimension of W is either 0 or 1. One can achieve the downdating of W by simply applying
the Gauss-Newton iteration (5) on A via its QR decomposition — a downdating of the QR
decomposition of A (see [6]).

If n—k > 1, write
V1,k+1 *°° Uln
V:[Vk"i‘ly"'»Vn] — GR”X(n_k_l).
Un,k+1 **° Unn

Let H be the Householder transformation matrix satisfying

Ul,k+1 *
Ul k+2 0
Uln 0
This makes
k k k
VH =| %« 0 --- 0 | « I-th row.

The columns of VH " are orthonormal because
VHOYYWHY=HV'V)H' = H"I,_H = 1,4,
s [av 0, < [av] ], = | av

the first column of VH " and let [Ok42, -+, 0y be the remaining matrix. For j = k+2,---,n,
removing the zero component of 9; at the I-th entry, the resulting vector v; yields

. those columns also form a basis of W. Delete

Avj = Ay, j=k+2,--,n,
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and {049, -+, 0, } forms an orthonormal basis for a subspace of VNE/' An additional null vector
in the orthonormal basis of W exists when the dimension of W is n — k. To verify this
possibility by applying the Gauss-Newton iteration (5) on

=T
TVit2

S
Il

o
Vn

A

as before requires the QR decomposition of A. In the first place, the QR decomposition of A,
A = @R, is a downdating of the QR decomposition of A which requires no more than O(n?)
flops [6].

Since T T T
TVito TViio TVito
T I P < Ikt 0 ) f
™V, v, 0 Q ™V, 7
A QR R

the QR decomposition of A may be obtained by taking the QR decomposition of
=T
TViio

<T
TVn

R

which requires O((n — k)n?) flops. On the other hand, iteration (5) requires O(n?) flops.

6.3 Row updating

A

approximately orthogonal to W, then W’ = W. No additional calculation is required in this
situation.

-
Let A’ = < x ) and W' be the approximate null space of A’. Clearly W/ C W, and if x is

If n—k =1, then, as in column downdating, the rank updating becomes an updating on
the QR decomposition of A (see [6]), and we may employ the Gauss-Newton iteration (5) to
calculate the approximate null space of A’ and clarify its dimension being 0 or 1.

When n —k > 1, let W = (Vg1 -+, vn) € R™ %) When H W x H2 is not small, then the

approximate null space W’ of A’ is of dimension n — k — 1. The following process calculates
an orthonormal basis of W’.

1. Calculate y =W Tx € R*%.

2. Expand the vector y to an (n — k) X (n — k) orthogonal matrix (y,yg+2, " *,¥n) by
first constructing a Householder transformation matrix H = (hgy1,---,h,) which makes
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3. Set E = (Ypio,---,yn) € ROTFXO=k=1) "and let WE = (Vigar =+, Vn) € R (n—k=1)

n

The vectors Vi, o, -+, Vv, are orthonormal, because

n

(WE)T WE)=ET (WTW) E=1In p-1)x(n-k-1)-

Moreover
x'WE = y'E=0
and, |awe|, = [awe],<|aw],| &, = [aw], <5
Therefore, those orthonormal vectors v/, YRR ,vi form an orthogonal basis of W'.

6.4 Row downdating

Here, we consider deleting the top row only. The procedure is similar when an arbitrary row
is deleted.

If downdating of the top row is needed, we will adjust our rank revealing method. After
finding a null vector w, instead of stacking ow | on top of A, we attach ow' at the bottom
so that the top row of A to be deleted still stays on top. All the theoretical results of our

method remain valid. From the QR decomposition of A, the QR decomposition of < ijjT )

ow

becomes < @ 1 ) ( RT ) Now ( QVF\fT ) is no longer an upper Hessenberg matrix.

However, its QR decomposition only requires n Givens rotations which cost essentially the
same as converting a Hessenberg matrix.

With this adjustment, the procedure RANKREV produces an approximate rank k of A, an

orthonormal basis { wi1,- -, w, } for the approximate null space W of A, and a QR decom-
position

A

-

ow R

o :QO< 00>. (16)

T

OWg 11
When the top row of A is deleted, all those vectors wy1, -, W, remain as null vectors of the

resulting matrix A; with the possibility of an additional null vector in the orthogonal basis of
its null space Wj.

It takes n — 1 Givens transformations to convert (16) to the following form [6, §12.5.3]

A I'T I'T
oW, 1

: :< Ql) (1“31) - Q<R1> (17)
QWIIH 0 o

where R, is upper triangular, Q1 is orthogonal and r " is the top row of A. This transformation
requires O(n?) flops.
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By deleting the top row of A, the matrix of remaining rows along with QWIIH, .-+, 0w, has

a QR decomposition @ < ORl ) Therefore, computing the possible additional null vector is

simply an application of the iteration (5) via Rj.

Remark: It was mentioned in [5], row downdating may be difficult and complex for UTV
decomposition: “-- [W]e want to emphasize that numerically stable UTV downdating algo-
rithms have become very complex, and the computational overhead can become quite large,
especially when the exact rank decreases. It may be worth to consider whether recomputation
of the ULV decomposition --- is to be preferred ---”. In comparison, row downdating in our
algorithm is quite straightforward.

7 Applications

7.1 Computing polynomial GCD

Given two or more univariate polynomials, a new method of computing their greatest common
divisor (GCD) helps to establish a novel algorithm that accurately calculates polynomial roots
and their multiplicities without using multiprecision arithmetic even if the polynomial is inex-
actly given [15]. This root-finding method is implemented in the Matlab package MULTROOT
[16]. Our rank revealing method and recursive column updating play an important role in the
new GCD-finder and the root-finder.

For any polynomial h(z) = hoz* + hya*~1 + ... + hy, its coefficient vector is denoted by
h = (hg,h1,---,hi)". Let p(z) and ¢(z) be polynomials of degrees n and m respectively.
Write

pz) = por" +p1a" 4 4y

g(x) = qoa™ + @™ -t

with n > m. A polynomial u(z) is a greatest common divisor of p(z) and ¢(x), denoted by
GCD(p, q), if there are polynomials v(x) and w(x) such that

u()o(z) = pla)
u(z)w(z) = () (18)

where v(z) and w(z) share no common roots (or equivalently, no common factors). The
(n+7r) x (n—m+ 2r) matrix

r n—m-+r
Po q0
P T
ST’(pv(J): . Do %0 ) an, T:1727 , M
DPn b1 qm q1
Pn qm

is called the r-th Sylvester subresultant matrix of p and g, The following results are well
known [10, 15]:
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o Sn(p,q)isof rank n+m—20+1 if and only if deg(GCD(p,q)) =1> 1.
e S,(p,q) has full rank if and only if deg(GCD(p,q)) < m —r.
o If S, 1(p,q) is of full rank and S,(p,q) is rank deficient, then the null space of

Sr(p,q) is spanned by the vector W] whose components v € R"™™+" and w € R"

are coefficient vectors of v(x) and w(x) in (18) respectively. Also, deg(GCD(p,q)) =
m—r—+1

From those results, one may calculate GCD(p, q) by finding the first rank deficient Sylvester
matrix S,(p, ¢) in the sequence

Si(p,q), Sa(p,q), -+, Sm(p,q)

and a (single vector) basis of the null space. A GCD-finder constructed in this way can be
illustrated in the following process.

First, we form S1(p, q), set the first permutation P; = I, (n—m+2)x (n—m+2), and calculate its QR
decomposition

=S1(p,g)P1 = ‘ l —

If Si(p, q) rank deficient, then GC'D(p,q) = q. The process needs to continue only if Si(p, q)
is of full rank. In general, if S;(p, q) is of full rank with its pivoted QR decomposition T; =
S;i(p,q)P; = QjR; being available, we attach one zero row to the bottom of 7} and add two
columns

0 0
. . . .
@ 0 and @ 0
1 qo 1 Po

L dm | L Pn |

to the right of the resulting matrix to form 7', ;. With a proper permutation matrix P; 1, we

have Tj+1Pj11 = Sj+1(p, q). Therefore

‘

ShaP = O Qj
TJ Sj(p7Q)PJ Qj —_— |: J 1:|
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= Qj+1

= Sjn1(p, Q) Pjy1 = Tjya.

Updating the QR decomposition of T 11 = Sj1+1(p, q)Pj+1 requires only O(n + m) additional
flops. We apply the iteration (5) on R;;q for a null vector. If R, (or equivalently S;i1(p,q))
remains in full rank, the process continues to j + 2 in a similar way. It stops at the (column
permuted) k-th Sylvester resultant matrix Ty = Sk(p, q¢) Pk that is the first to be rank deficient.

It can be shown that the null space of T} is of dimension one with a single null vector z €
R +2F in its basis. Let

<W>:P,;rz with wecR* and veRM™H,

—V

Then v and w are coefficient vectors of v(z) and w(x) satisfying (18). Now u(x) = GCD(p,q)
is the quotient of p(z) and v(x). However, it is numerically unstable to use polynomial long
division p(x) < v(z) for u(x) [15]. Instead, we use the “least squares division” [15] which solves
the coefficient vector u of u(z) as a least squares solution to

V0 Po
v b1

W fu= |, ueR™R2 s—n—m4k-1 (19)
Vs U1 :

US pn

As a result, u(z) = GCD(p, q) is obtained.

The procedure listed in Figure 2 illustrates the calculation of deg(GCD(p,q)) and the coeffi-
cients of u(z), v(x) and w(x) in (18). To achieve highest attainable accuracy, the Gauss-Newton
iteration on a quadratic system based on (18) can be applied to refine the GCD [15].

7.2 Non-isolated solutions to a polynomial system

When a numerical solution xg of a system of polynomial equations
P(x) = (p1(x),- - pa(x) ) =0 where x = (z1,-+,2,) € C"

is obtained, we wish to identify whether x( is an isolated solution of P(x) = 0. While in
the previous sections we mainly focus our attention on the development of our method and
algorithm in the real vector space R"”, the entire content remains valid in C" with proper
adjustments.

If the Jacobian, denoted by P, (x), at xg allows no small (relative to || P, (X0)||o0) singular values,
xg is of course an isolated solution. When our rank revealing algorithm is applied to P, (xq)
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Pseudo-code GCD:
input: coefficient vectors for p(z), q(z)
output: d=deg(GCD(p,q)), coefficients of v(z) and w(x) in (18)
QR decomposition QR = Si(p,q)
For j=1,2,---,m do
Gauss-Newton iteration (5) on R, get p and x
if p is small enough, then
extract coefficients of v(x) and w(z) from x
solve (19) for the coefficients of wu(x)
exit
else
if 5 <m then
update Qji1Rj+1 = Sj+1(p,¢)Pj+1
else
deg(GCD(p,q)) =0, v(z) =p(z), w(z)=q()
end if
end if

end do

Figure 2: Pseudo-code of GCD

and the result shows it admits very small singular values, xg may lie on a solution component
of P(x) = 0 with positive dimension or it may still be an isolated zero with multiplicity > 2.
Our strategy to distinguish those cases is given below.

If P,(x() permits only one singular value that appears tiny and if x( is not an isolated solution,
then xo must lie on a one (complex) dimensional solution component M of P(x) = 0. We will
begin to identify this path to a substantial length by a path following scheme developed in [7].
If this attempt fails, no such solution component M may exist and xg will be classified as an
isolated solution of P(x) = 0.

When P,(x0) has k > 1 very small singular values as a result of our rank revealing algorithm,
we augment P(x) = 0 with & — 1 generic hyperplanes

afl(x —xq) =0, j=1,--,k—1

at xg. The enlarged system
P(x)=0
H

I (20)

all (x—x0)=0

will produce a one dimensional component M of ﬁ(x) = 0 if the solution component M of
P(x) = 0 to which xq belongs is of dimension k. Thus, the assertion that dim(M) = k is valid
only if we can identify M by following this path to a satisfactory length. If the path following
can not be carried out successfully, such component M may not exist. We will then remove
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hyperplane ai’ |(x — xg) = 0 in (20) and restart our effort to identify the one dimensional

component M produced by

P(x) = | (21)

The existence of such component Mof P=0 implies the solution component M of P(x) =0
containing xg is of dimension k — 1. If it fails, the process may be continued in the same
manner and the dimension of M will ultimately (very soon in practice) be determined. Of
course, when dim(M) = 0, x¢ is an isolated zero even though P,(x¢) may have very small
singular values from our rank revealing algorithm.

Example [11]: Consider the polynomial system P(x) = (pl(x), pa2(x), pg(x)), x =
(u, v, w) € C3 where

px) = (w—-u?) - (WP+o*+w?—1)(u—0.5)
p2(x) = (w —u®)(u? + 0% +w? - 1)(v —0.5)
p3(x) = (v—u?)(w—u®)(u?+v?+w?—1)(w—0.5).

Obviously, the solution set of P(x) = 0 consists of
1. A two-dimensional component u? + v? + w? = 1;
2. Four one-dimensional components

(a) line u=0.5, v=(0.5)3;

)
(b) line uw= 0.5, v=0.5
)

)
(¢) line u=—+0.5, v=0.5
)

(d) twisted cubic v =u?, w = u?;

3. One isolated solution (u,v,w) = (0.5,0.5,0.5).

When the polyhedral homotopy continuation method [8] was used to solve P(x) = 0, 129
numerical solutions were obtained. We applied our method to all those solutions, and the
result shows

e 112 of them lie on the 2-dimensional component,

e 16 of them lie on 1-dimensional components (four on line 2a, four on line 2b, four on line
2¢, four on line 2d),

e one isolated solution.

When we classified a solution x¢ that is lying on a 2-dimensional component of P(x) = 0 for
instance, we substituted xq into w2 + v? 4+ w? = 1 to verify the accuracy of our identification.
And the results were all accurate.
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