Google: QR decomposition Householder, you carlgepresentation on QR decomposition:

http://www.zib.de/Optimization/Project-Quito/cursasrso_2005_2/qr.pdf

Givens Rotation (again, google it)

> GvensMatrix := proc( Vv :: Vector # a 2-dimvector

)

local ¢, s, r, G

r.=sqgrt( v[1]"2 + v[2]"2 );
c, s :=v[1]/r, Vv[2]/r;

return <<c, -s>|<s, c>>;

L end proc:
> ClearMatrix := proc( A . Matrix,
tol :: numeric )
local m n, i, j;

m n := LinearAl gebra:-Di nension(A);
for i froml to mdo
for j from1l to n do
if abs(Ali,j]) < tol then

Ali,j] :=0
end if
end do
end do;
return A
end proc:
> v o= <a, b>;
a
V=
b
7> G := GvensMatrix(v);
a b
J¥+§ J¥+¥
G:=
) b a
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> simplify(Gv):

1)

)

3



N a° + b’

0

We can use Givens' rotation for QR decompositiotiabmost triangular”

out put opti ons=[s

Gl[1..2,1..2] :=
Gl;

. Digits := 6:
> A2 = Gl A

[ -0.7071067812-0.7071067812 0 0 (

7> A : = Linear Al gebra: - Randomvat ri x(5, 5, generator=-9..9,

hape=Hessenberg]);

-5 4-3 1 1]
5 6 1-6 -2
A=| 0-8 1 1-4
0 0-2 6 1
0 0 0-1-7

[ 5. 4. -3. 1. 1.]

-5. 6. 1. -6. -2.
A=| 0. -8 1. 1. -4
0. 0. -2. 6. 1.
0. 0. 0. -1. -7.

> Gl := LinearAlgebra:-ldentityMatrix(5)[1..-21,1..-1]:
T :=sinmplify(Gvensivatrix(A1l..2,1])):

T:

0.7071067812 -0.7071067812 0 O C

0 0 100
0 0 010

0 0 001

7> UseHar dwar eFl oat s: =f al se:

[ 9.21955 -1.95237 -1.95237 -0.32539]
0. 6. 0. 6.
0. 0. 1. 1.

0. 227777 227777  4.9894(

©)

(4)

(5)

(6)

()



> & := LinearAl gebra:-ldentityMatrix(5)[1..-21,1..-1]:
T:=sinmplify(Gvensivatrix(A2[2..3,2])):
&[2..3,2..3] :=T:
&2;
[ 1 0 0 0 0]
0 -0.1740776559-0.9847319278 0 (O
0 0.9847319278 -0.1740776559 0 ( (8
0 0 0
0 0 0

> A3 = @.GL A
A3:= [[7.07106781200000078,7.07106781200000078, 1.41421356240000007, 9)

3.53553390600000039, 0.707106781200000034
[0., 8.124038404284579690.492365964030839216,1.84637236439603126,
3.56965323837312942
[0., -4.23057588960773501 1 - 2.95932015114611512, 4.70009671078070124,
2.78524249503458598
[0.,0,-2,6.,1],
[0.,0.,0.,-1.,-7.]]

7> G3 := LinearAl gebra:-ldentityMatrix(5)[1..-1,1..-1]:
T:=sinplify(Gvensiatrix(A3[3..4,3])):

G3[3..4,3..4] :=T:
&3;
(10 0 0 0]
01 0 0 0
0 0 -0.8285293039-0.5599457049 0 (10)
0 0 0.5599457049 -0.8285293039 0
00 0 0 1

> M= ®B.@.GLA

A4 = [[7.07106781200000078,7.07106781200000078, 1.41421356240000007, (12)
3.53553390600000039, 0.707106781200000034
[0., 8.124038404284579690.492365964030839210,1.84637236439603126,
3.56965323837312942
[0., 3.50515616531765772 1% 3.571774874646333587.25384208544581456,
-2.86760073050370500
[0., -2.36889396987294276 16 - 2.58285934306989874 16




>

>
R

>

-2.33937685758372859, 0.731055268299576122
[0.,0,0.-1.,-7.]]

4 = LinearAl gebra:-ldentityMatrix(5)[1..-1,1..-1]:
T :=sinplify(Gvensiatrix(A4[4..5,4])):

G4[4..5,4..5] :=T:
A,
(100 0 0
010 0 0
001 0 0 (12)
0 0 0 -0.9195132337-0.3930590450
0 0 0 0.3930590450 -0.9195132337,

R : Clearl\/atrlx(G4686261A 10.0"(-8));

=[[7. 071067812000000787 07106781200000078, 1.41421356240000007, (13)

3.53553390600000039, 0.70710678120000Q9034

[0., 8.124038404284579690.492365964030839216,1.84637236439603126,
3.56965323837312942
[0.,0.,3.57177487464633358/7.253842085445814562.86760073050370500
[0.,0., 0. 2.54414702415975924, 2.07919832123 24356

[0., 0., 0., 0., 6.72394052150005Q06

= Li near Al gebra: - Transpose( 4. G3. .Gl );

>
Q= [ -0.7071067812000000340.1230914909422901880.576913756444740744, (14)

-0.358514663330193716, 0.153252205648013673

[-0.707106781200000034, 0.123091490942290188, 0.3768144740744,
0.3585146633301937160.153252205648013673

[0.,-0.984731927799999962, 0.144228439067370734, 0.88863053205704,
-0.0383130514003644785

[0.,0.,-0.559945704899999952, 0.761843659444299104325660936945448783
[0., 0., 0.,-0.3930590449999999960.919513233700000042

ClearMatri x(A-Q R, 10.0"(-8));

0.0.0.0 0
0. 0. 0. 0. 0
0.0.0.0 0 (15)
0.0.0.0 0
0. 0. 0. 0. 0

Example 2: An arrowhead matrix



Gl[[1,4],[1,4]] :=T:
GlL;

> tol := 10.07(-4):

0.
0.
0.

A2 =

0

0.
0.

%
&3

[ 0.196116 0 0 0.98058}
0

0
-0.980581 0 0 0.196116

A2 := ClearMatrix(Gl. A tol);
5.09902 -4.90290 7.84465-5.09903

-9. 0. 5.

-0.980580 1.56893-5.09902

0

0 -0.994117 0-0.108312

0

0 0.108312 0-0.994117

> A := LinearAl gebra:-Randonmvatri x(4, 4, generator=-9..9):

Al 2,1],A3,1],A[3,2],A[1,2],A1,3],A[2,3] :=0,0,0,0,0,O:
A .= 1.0*A
0. 0. 4. |
-9. 0. 5.
A=
0. 1. -6.
-5. 8. -6.

> Gl := LinearAlgebra:-ldentityMatrix(4)[21..-1,1..-1]:
T := Gvenshvatrix( A[1,4],1] ):

10 0
01 0

0. 1. -6.

Li near Al gebra: -ldentityMatrix(4)[1..-1,1..-1]:

> X =
T := Gvenshatrix( A2[[2,4],2] ):
Q[[2,4],[2,4]] :=T:
&2;
1

0 0

1 0

> A3 := CearMatrix(&.GL. A tol);
[ 5.09902 -4.90290 7.84465 -5.09903]

0.  9.05326 -0.169934 -4.41829
0.
0.

1. -6.
-1.55970 5.61058

Li near Al gebra: -ldentityMatrix(4)[1..-1,1..-1]:

(16)

(17)

(18)

(19)

(20)



T := Gvenshatrix( A3[[3,4],3] ):
&3[[3,4],[3,4]] :=T:
G3;
10 0 0
01 0 0
(21)
0 0 0.539741-0.841834
0 0 0.841834 0.539741
7> R:= CearMatrix(&3. .GL. A tol);
5.09902 -4.90290 7.84465 -5.09903
0. 9.05326 -0.169934 -4.41829
R:= (22)
0. 0. 1.85275 -7.96163
0. 0. 0. -2.02275
7> Q : = Linear Al gebra: -Transpose( &3.&X.GlL );
0.196116 0.106209 -0.820630 0.526146
o 0. -0.994117 -0.0911807 0.0584604 23)
"l o 0. 0539741  0.841834
0.980581 -0.0212417 0.164126 -0.105229
'> AQR
[ 0.000001 -0.000001 0.00001 -0.00003]
0. 0. 0.000001 0.
(24)
0. 0. -0.00001 0.00004
0. 0. 0. 0.00002
>
Application of QR decomposition: Solve Ax=Db
> # create a |inear system
A := 1.0*Li near Al gebra: - Randomvat ri x(5, 5, generator=-9..9):
b := AK<1, 2,3, 4,5>:
A b;
-2. 2. -2. -5. b. 1.
1. 1. -2. 9. 6. 63.
-1. 7. 0. 8 6. 75 (25)
-3.8 6. 7. -7. 24.
-8. 2. -2. -2. -6. -48.




(o solve Ax=b
L. A=08 ( ARx=b)
v QMARx=8b = Rx=Qb

3 E)ack %M& Jruﬁl‘\\;gw o Rx=h
too owt %

> # Step 1. get the QR deconposition of A

(Q R := LinearAl gebra:-QRDeconposition(A, fullspan);
-0.22502 -0.0772387 -0.408021 -0.693334 -0.544253
0.112509 -0.171786 -0.474820 0.675006 -0.526061

Q R:=| -0.112509 -0.669829 -0.473232 -0.0490755 0.558864|, (26)

-0.337527 -0.641862 0.606888  0.072749-0.317008
-0.900071 0.322263 -0.125776 0.236562  0.119326

 8.88818 -5.62546 0. 0.67505 6.63802
0. -9.50554 -3.99765 -11.6560 -2.87642
0. 0. 5.65850 -1.51936 -11.2220
0. 0. 0. 9.18513 -1.63967
0. 0. 0. 0. -1.02140

7> # Step 2. Miltiply by Q transpose

> d := LinearAl gebra:-Transpose(Q . b;

| 33.5276 |

-92.0102

d:=| -45.2116 (27)
28.5424
-5.10714

7> # Step 3. Backward substitution to get x
X := LinearAl gebra:-BackwardSubstitute(R, d);




[ 0.999751]
1.99976
x:=| 3.00035
4.00005
5.00014
>
(>

On the option "fullspan™:

> A := 1.0*Li near Al gebra: - Randonivatri x(5, 3, generator=-9..9);
[ 2. 1. -2.]
-4, -2. 0.
A=| 3. 4. 6.
-4. -2. 3.
-1. -9. -5

7> (QR Li near Al gebr a: - QRDeconposi tion(A);
-0.29488 0.283062  0.473416]
-0.589761 0.117122 -0.105658 6.78237 5.16041 2.2116
Q R:=| 0.442321 0.192775 -0.639490 |, 0. 8.90896 5.56598
-0.589761 0.117123 -0.591508 0. 0. -6.17481

-0.147440 -0.924818 -0.0766940

7> (U, S) Li near Al gebr a: - QRDeconposi tion(A, ful | span);
| -0.29488 0.283062 0.473416-0.435866 0.647151]
-0.589761 0.117122 -0.105658 -0.522902 -0.594873
U, S:=| 0.442321 0.192775 -0.639490 -0.561690 0.206745
-0.589761 0.117123 -0.591508 0.386521 0.373068

-0.147440 -0.924818 -0.0766940 -0.267767 0.213072

[ 6.78237 5.16041 2.2116(
0. 8.90896 5.56598

0 0. -6.17481
0. 0. 0.
0 0. 0.

(28)

(29)

(30)

(31)
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Homework: 1. Generate a 4x2 random matrix, and @, R using the Householder transformation

2. Generate a matrix like

> A : = LinearAl gebra:-Randonatri x(5, 5, generator=-9..9,
out put opti ons=[ shape=triangular])[1l..-1,1..-1]:

A5, 1] = 3:
A
-3 -4 -2 6 -2
0 7-63 7
0 0-70 1 (32)
0 0 02-6
3 0 00 2

Use a sequence of Givens rotation to obtain thel@®mposition.




