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Introduction for Math 340 Students
Welcome to Math 340!

This text is a work-in-progress, based on a decade of class feaials prepared
by Prof. Zhonggang Zeng with added materials by Prof. David Rutschman.

Our hope is that you will use this book to build on what is done in class, so
that you can become a con dent user of Maple. Maple is a very usful tool for
mathematicians, and this is your opportunity to make it your s!

We have included many examples and exercises - more than whatill be as-
signed or covered in class. We hope that you will use them as pctice problems.
Take the time to try some of the examples, make sure they run, ad then play
around with changes.

We also welcome your input on this text. Please feel free to agact us (in
person or by email: D-Rutschman@neiu.edu or Z-Zeng@neig).

Enjoy!

Preface



4 CONTENTS

This is not a book about the art of programming. It is about how to use
programming as a tool when you do mathematics.



Chapter 1

Fundamentals

Maple and similar computer algebra systems (CAS) are changig the way we
study, teach and apply mathematics. Each of those systems eobine a compre-
hensive collection mathematical functionalitiess, a grapical and computational

environment, a programming language and many other feature in one software
package, making it possible to perform so sticated matheméical computations

with a sigle or a sequence of commands. Currently, Maple and thematica are
arguably the two most successful computer algebra systemsjong with Matlab

that is mainly built for e cient numerical computations.

Maple is a product of Waterloo Maple Inc. (www.maplesoft.com). It is cho-
sen for this book as the platform for introducing scientic computing, basic
programming, mathematical experimentation and simulation to undergraduate
students.
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1.1 Maple and its worksheet

Maple provides several interface op- e

tions, including the default window, |mEEmEEsGrmEtStEmDEE
Classic Worksheet, and command prEmEE=m

line window. The default window |

features useful word-processing capa-
bilities in addition to the computa-
tional functionalities. Since this
book is mainly for introducing sci-
enti c computing, the Classic Work-
sheetis prefered for its simplicity. All
the computation and illustrations in  Figure 1.1: Start of the Maple Classic Work-
this book are produced on the Classic sheet"

Worksheet and can easily be used in the regular Maple windowas well.

When Maple Classic Worksheet is started, a window-type inteface appears as
shown in Figure 1.1 with a prompt ([>) appearing on the screen. This prompt
opens the command line, where the user types instructions i as those shown
in Figure 1.2.

ElMaple 11 - [Untitled (1) - [Server 1]]
?ﬁ File Edit View Insert Format Window Help = | &

CEREE] [ 5] [ETE]

> 345%8; -
43

= 3¢5

{> Ieh.
[> sqrt(5) ;

> sqrt(5.0);

2.236067977
> exp(5) s

5
e

In(3)
> -~
Time: 02s |Bytes: 384K  Available: 099G

{} 1n(3) ;
[

Figure 1.2: Maple in worksheet mode and used as a calculator

Each command must be followed by a semicolon \;" (or a colon iffor some
reason output is to be hidden), and Maple executes the line tged when the
Enter key is pressed following the semicolon.

Words typed following a \#" sign form a comment that can be used to give a
brief explanation or to leave a short note. A comment has no eect in the
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outcome of the computation.

Readers may nd it helpful to work next to a computer running M aple Classic
Worksheet as they study this book so that they can replicate vihat is in the
text, and try variations to learn from trying.

1.2 Maple as a calculator

Maple can perform many mathematical operations with ong-lne commands.
For example, some basic computations like 3+5 8, % 3% "5 ¢, In3 are
shown in Figure 1.2

Notice the di erence in output between sqgrt(5) and sqrt(5.0) . When input

numbers are integers, Maple performs thesymbolic computationwithout calcu-

lating its numerical value. If a decimal number is involved, Maple carries out
the numerical computation with a default 10-digit precision unless otherwise
speci ed.

The evalf instruction forces a nite precision (oating point number ) evalua-
tion:

> evalf(sqrt(5));
2:236067978
> (1/2)M4; 0.5M4; evalf( (1/2)M );
1
16
:0625
:06250000000

Notice the di erences in the last set of instructions.

One of the most important operations is to assign a value to a ariable name
using the assignment= (colon + equal sign), sayx := 2, which assigns a value
2 to the variable name x. After that, the variable x carries the number 2 and
operations like x +3 produces the same result as 2 + 3.

> xi=2; y:=5;
X =2
y:=5
> (x+3*y)/(2*x-T*y);
17
31

> evalf(%);
:5483870968
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The % symbol represents the result of the most recent execution. i this
example, it represents%.

The assignment sign (:=) should not be confused with the equlsign, given
statements such as:

> a = 25

a:=2:5
> a:= a*3.0 + a

a:=10:00

Think of this as \updating" the variable. What is on the lefti s the “new' value,
computed from the “old' values on the right.

Maple accepts Greek letters:

> alpha, beta, gamma, Alpha, Beta, Gamma;
A; B;

However,the name Pi carries the value of the special number
= 3:1415926535897932384626

while pi does not.

> evalf(Pi);
3:141592654
> alpha:=2*Pi/3;
2
3
> sin(alpha), cos(alpha), tan(alpha), cot(alpha);

by 1 Py %pg

2 72
> evalf(%);
:866025404Q :500000000Q 1:732050808 :5773502693
> In(alpha), exp(alpha);

2
In(= ); e=3)
(3 )

> evalf(In(alpha)), evalf(exp(alpha));
17392647780 8:120527402

Table 1.1 is a list of frequently used mathematical operatims and their corre-
sponding Maple symbols and syntax.

If an arithmetic expression consists of several operationand function evalua-
tions, Maple follows the usual precedence of operations:
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Operation Symbol Example
Syntax Result
addition + 3+5 8
subtraction 3 5 2
multiplication * 3*5 15
L 3
division / 3/5 —
5
exponentiation N 375 243
exponential function exp exp(3.2) 24 :53253020
square root P— sqrt(5) P 5
. . . . .3
sine sin sin(3*Pi/4) sin( T)
cosine cos cos(Pi/6) cos( E)
. 2
tangent tan tan(2*Pi/3) tan( ?)
cotangent cot cot(x) cot( x)
natural logarithm In In(2.3) 18129091229
factorial ! 5! 120

Table 1.1: Common operations

1. Exponentiation or function evaluation (highest)
2. Multiplication or division

3. Arithmetic negation (sign change)

4. Addition and/or subtraction (lowest)

For complicated mathematical expressions, one can use partheses () to over-
ride the standard precedences.

Warning: Although brackets [ ] and bracesf g are legitimate substitutes for
parentheses in mathematical writing, they are not allowed h Maple to override
precedences. Brackets are used for the data typkst and braces are used for
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the data type set More on data types later!

Example: Try them!

The importance of using parentheses can be seen in the dieree between
atb/c+d and (a+b)/(c+d):

> atb/c+d;
a+ -+d
> (atb)/(c+d);
a+b
c+d

Pay attention to the use of parentheses in these more complated expressions.

> (al(b+c) - dr2)/(3%);

o]

2
1b+c d
3 e
: 3P a 6
The expression 1+ e 1 T should be entered as follows:
> (1+(3*P)/(h2))*(1-(a/l)*0.6);
P a 6
1+3 n 1 T

More examples:

> c*al*a2*sqrt(g*(h1-h2)/s)/(3+sqrt(al”2-a2/2));
r

g(hl h2)
S

cal a2

P
3+ al? a22

> 2*Pi*epsilon/arccos(a”2+b"2-d"2/(2*a*b));

2

o
N

arccos a2 + b?

NI
&l
o

Functions:
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Functions can be de ned in Maple in two ways. Once de ned, a function can
be evaluated or manipulated.

> f = x -> sin(x)/x;
sin(x)
X

f=x!

This “mapping' assignment (the “arrow' is obtained by combning the dash with
the “greater than' symbol) allows the use, in Maple, of the cstomary mathe-
matical notation f (x).

> f(beta), f(1.57);
sin( )

; 16369424732

> f(atb);
sin(a+ b)
a+b

Taking the derivative:

> D(f);
cos(x)  sin(x)
X x2

X!

And the antiderivative and the de nite integral:

> g = x -> tan(x);

g:=tan
> int(g(s).s);

In(cos(s))
> int(g(s),s=Pi/4..Pil3);

1

EIn(2)
> evalf(%);

13465735903

The alternative to the mapping notation is the simple assigmment (and the subs
command is required for evaluation):

> h = sin(x)/x;

X
> subs(x=beta,h),evalf(subs(x=1.57,h));
SINC) . 6369424732

> diff(h,x);
cos(x)  sin(x)
X x2
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And reusing the same name for a di erent function:

> h = xM+40;

h:= x%+4%
> int(h,x);
X
1, 2
5 In(4)
> int(h,x=0..1);
1 2In(2) +15
10 In(2)

> evalf(%);
2:364042561

Notice the di erence, in both cases, between the antiderivéive (a function) and
the de nite integral (a number).

Graphing functions:

Study the following examples (the rst combines upper and lover semicircles to
obtain a circle of radiusr), and then try to graph functions of your choice. Try
both the mapping and assignment notation for your functions

>y = sgri(r2-x"2);

y = P 2 x2
> 1= 2
r:=2
> plot(ly,-y].x=-r..r);
772;,77 _
— ///x 7 \\\\\\
/ 1 \
// : \\
+2 +1 ] 1 2
J X
1
+2|

> fi= x > 5%N3 + 2*%x"2 - 3*x;
fi=x! B5x3+2x2 3x

> plot(f(x),x=-6..3);
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20 /
i /
/ \\ -10 /
/ ~ /
+6 +4 x 2 o—— 2
///
F+10
//
/

And a bit of algebra:

> factor(x"2-b"2);

(x b(x+b
> expand(%);
x2 PP
> solve(x"\2-2*x+3=0);
P p -
1+1 2,1 |

> solve(@*x"2 + 3*b*y=5,x);

a(B3by 5)‘ P a(3by 5)
a ' a

> fsolve(x=cos(x));
17390851332

Try experimenting with solve and fsolve . What is the di erence?

Remark: In the Windows environment, a Maple instruction is executedwhen
the cursor is placed anywhere on that line followed by the Enér key. One
can re-execute an instruction by moving the cursor back to tte line with that
instruction.

Getting help:

Maple has a built-in manual which explains commands and give examples (often
the examples are the best explanation!). If one knows (or gusses) a command,
?commanghameopens a help window, for example:

> ?factor

The Help drop-down menu at the top of the screen lists the topts (either by
using the Introduction and selecting the topic, or by doing a search).
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1.3 Simple programming

Try typing the following line in a Maple worksheet (replace the name with your
choice). To change line within the same prompt[>, hold Shift key and hit
Enter.

> myname := proc()
print("Hi, my name is John Doe");
end proc;

Maple will echo the same instructions. Now type:

> myname();
and what appears?

That is a computer program. A program can be simply a sequencef instruc-

tions that is prepared for a well-de ned computing objective, and it is stored
and ready to be usedrepeatedlyon a computer whenever it is invoked. Whoever
writes a Maple program becomes a software engineer creating new command
for Maple.

A program automates the process of solving a computational pblem, especially

for those processes requiring the repetition of similar stes or to be repeated for

di erent data. A computational task, in general, involves t hree components:
1. data (input),

2. computations,
3. results (output).

As a simple example, take the formula for the volume of a cylider:

volume = base area height.
surface area = 2 base area+ height base circumference

If the base of the cylinder is a circular disk with radiusr, then
base area = r ?,; base circumference = 2r:

To compute the volume of the cylinder from the radius r and height h the
components are:

data: r and h
method: step 1: base ared= r ?
step 2: base circumference =2 r
step 3: volumev = sh
step 3: surface ares =2b+ ch
result: volume v and surface areas
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A program to implement a computational task will accept data asinput, perform
the calculations, and transmit the results asoutput, as shown in the diagram:

input output
Data ——— = | Program, —— result
r, h vV, S

A program works like a \black box" for users who enter data as nput and
activate the program and then see the results.

Using the cylinder example, a Maple program can be created wh a sequence
of Maple statements, called asource codeas follows.

cylinder := proc(r,h) # program definition, with input r and h
local b, c, v, s # local variables
b = Pi * "2, # calculate base area
c=2*Pi*r # calculate base circumference
v :=evalf( b * h); # calculate volume v
s := evalf( 2*b + c*h ); # calculate surface area s
return v, s; # output v and s
end proc;

This program is namedcylinder, and requires the argumentsr and h as input
for radius and height respectively. Local variables (i.e. wariables only used
inside the program) b, ¢, v and s dre de ned and the computation is carried
out. Finally, the results are stored in the output variables v and s to be send
back by the return command.

Maple programs can be edited using any text editor, such afNotepad in Win-
dows, and saved as a text le. For example, one can save the dyplder program
as le cylinder.txt in a folder, sayf:/test . Notice that editing a program
is a separate process from Maple. A program can not be execuike in Maple
until it is loaded in a worksheet with a \ read" command:

> read "f:/test/cylinder.txt";

cylinder := proc (r; h)
local b;c;v;s;

b:= r2;c:=2 r;v:=evalf(b h); s:=evalf(2 b+ c h);return v;s
end proc

Maple responds to the successfulead command with the program showing in
the worksheet.

Suppose the radius is 5.5m and the height is 8.2m. Executinghie program:
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radius := 5.5; height := 8.2;

radius :=5:5
height := 8:2

vol, surf := cylinder(radius,height);

vol; surf :=779:2720578 4734380130

In summary, Maple programming can be carried out in four stefs:

Step 1:
Step 2:
Step 3:
Step 4:

Edit and save the program in Notepad
Read the program into a Maple worksheet.
Prepare input.

Executing the program.

Those four steps are illustrated in Figure 1.3.

i

Step 1: Edit the program and save as a text file ‘

P cylinder. txt - Notepad
Eile Edit Format View Help

cylinder := proc(r,h) # program definition
local b, ¢, v, s; # local variables
b = Pi * ¥22; # base area
- 7
aple 11 [ c =2 % Pi x r; # base circumference
QEﬂe Edt View v = evalf( b * h ); # volume
s := evalf( 2*%b + c*h ); # surface area
[ return v, s; # output
> exp(5);
end proc;
> In(3); < 5>
) In(3) | Step 2: Read the program
> read "f:/test/cylinder.txt"; —_\_\__' file into Maple

local b, ¢, v, 5;

[> |

cylinder = proc(r, )

b i=mr’2; ¢ = 2%mkr; v = evalf( b*h); 5 .= evalf{ 2*5 + c*h ), retwrn v, 5

end proc J Step 3: Define the
>Era=E5R 5 -0 his=281 2 inputitems
: -5 g -2 :
r=55
h:=82 Step 4. Execute the
> vol, surf := cylinder(r, h); program

vol, surf:=779.2720578,473.4380130

v

Time: 025 | Bytes: 384K | Available: 365M

The input data (namely,

Figure 1.3: Steps for Maple programming

r and hin Figure 1.3 are accepted accoring to the

order in which they are given, not by the names storing the dat. The data
can also be supplied directly when calling a program withoutprior assignment.
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For instance, if the radius is 3 feet and the height 2 feet:

> vol, surf ;= cylinder(3,2);
vol; surf :=56:54866777, 94:24777962

If the order is reversed, the answer is obviously di erent! The program treats
the data to be radius 2 and height 3:

> vol, surf ;= cylinder(2,3);
vol; surf :=37:69911185 62:83185308

Similarly, the output items are received according to the oder specied in
the program. In this example, the output results are assignd to \ vol " and
\ surf " not by their names but by the order they appear in the Maple command
vol, surf ;= cylinder(2,3)

In summary, a Maple source code consists the following essial components:

Procedure de nition statement
program_name := proc ( input_argumentlist )

The user speci es the program_name and the list of input items in the

input_argument.list in parenthesis to to de ne the program as a Maple
procedure. The argument list can be empty. Do not end this line with a
semicolon if there is a local variable declaration line.

Local variable declaration

local variable_list;

This declaration is technically part of the procedure de nition statement.
Variables used inside the program in addition to the input arguments
should be declared as local. If a variable is neither declatkas local nor
included as an input argument, Maple will treat it as a local variable and
respond with a warning message when the procedure is loadedAs a good
programming practice, all warning messages should be clead through
revising the source code.

Sequence of Maple command that would carry out the computations
when the input items carry the data.

Output the results using thereturn command in the form of

return output_list;

The return statement terminates the computation, exits the procedure
and sends which sends the results back to Maple.
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Closing statement , i.e. the line end proc;

Comments . Anything written after the # character in a line is a comment
for human to read and will be ignored by the computer. A commen has
no e ect on the program execution or the computing result. It is useful
to include comments to make it easier for the programmer and thers to
understand the program. First time programmers might be suprised how
quickly one forgets why a sequence of program statements wemritten in
a certain way. Leaving comments in the source code can help m@inding
the programmer and collaborators the reasoning behind the tatements
and providing clues on how to improve the program or the way tocorrect
mistakes.

There are several other optional components of a Maple prockire. Those
options are omitted in this text since they are useful but not essential in writing
a program. Detailed documentations of program components i@ included
Maple manuals and a short on-line help can be accessed by enigg ?proc at
the Maple prompt [ >.

Although a program can be directly typed into Maple at a prompt [ >, writing

the source code as a separate text le is a standard programmg practice in
all platforms besides Maple. There are many advantages in dog so as well.
A source code saved as a text le becomes a form of portable daofare that

can be used in any Maple worksheet whenever needed, and can lsed by
other Maple programs as a \subroutine". Moreover, it is comnon in scienti ¢

computing to use programs written with hundreds or thousands of lines, making
it cumbersome or even impractical to type it in a worksheet. Hliting source
codes as a text le is also a valuable learning process for a sé¢ of practical
software engineering.

It is extremely rare to nish writing the rst draft of a sourc e code without
errors, particularly for long and complicated programs. Almost all computer
programs require multiple rounds of testing and revision. \When loading a
program text le, Maple can identify some obvious syntax errors and respond
with an error message. So sticated programming errors are&lled bugsthat can

be hidden deeply in the source code and emerge during testingr applications.
When an output result is suspicious, a programer must trace he ow of the

command sequence to catch the error in the source code. Oncdag is identi ed

and the source code is revised accordingly, the text le neesl to saved and
reloaded into Maple by executing theread statement again so that the new
version can be tested.

Debugging can be a painstaking, time consuming, and even fedrating for pro-
grammers. It is particularly so for beginners. So readers bavarned.

Example 1: The future value of an annuity.
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Suppose aperiodic deposit of $R is made to an account that pays aninterest
rate i per period, for n periods. The future value $S of the account after the n
periods will be
R(@+ )" 1)

: :
Write a program to calculate the worth of a retirement plan at the end of the
term if the plan pays an annual rate A and requiresmonthly deposits of $R for
y years. Use the program to calculate the future value of a plan with amonthly
deposit of $300, an annual interest rate is 12% over a 30 yearepiod.

S =

Solution: The computational task involves the following input items:

R | deposit
A | annual rate (instead of i)
y | the number of years

Type the following program using Notepad and save the le asa:future.txt. As
mentioned earlier, the single quote {) in the print command is usually found on
the upper-left corner of the keyboard below the ESC key. A cormon mistake
is using the other quote (') found next to the Enter key.

# Program to compute the future value of an annuity
# Input: R: monthly deposit (\$)

# A: annual interest rate (0.12 for 12\%)
# y: number of years
#
future := proc(R,A)) # defines the program "future"
# with arguments R, A, y
local i, n, S; # define local variables
i = A/12; # monthly interest rate is
# 1/12 of the annual rate
n = y*12; # total number of months
S = R*((1+i)"n-1)/; # calculation of future value
return S; # print the result
end proc; # the last line of the program.

Remarks:

(1) Do not put the semi-colon at the end of proc(...) , this statement ends
with local ...;

(2) At end of each de nition or action inside the program, remember that Maple

needs °;'.
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(3) Especially, type the semicolon afterend proc.

(4) Comments should be included generously in the program usg "#, as in
the example.

(5) Notice how the readability of the program improves with indentation, blank
lines, and well placed comments. Maple can handle a program nitten all on
one line, but no one would want to have to gure it out!

Now to read the le into Maple:

> restart;
> read "f:future.txt”;

future := proc (R; A;y)

local i;n; S;
i:=1=12 A;n:=12 y;S:=R ((1+ i)™ 1)=i;return S
end proc

Input data can be de ned by assignment, say:

> Deposit := 300; AnnualRate := 0.12; Years := 30;

Deposit := 300
AnnualRate := :12
Years =30

The program is to be executed using the input items de ned abee. Notice

that the variables R, A, y in the program source code are similar to local
variables, which have meaning only within the program. Whenthe program is

called, the variables R, A, y are substituted by the input data according to

the order it is provided, as below.

> F := future(Deposit, AnnualRate, Years);
F :=0:1048489240 10

Or, one may directly input the arguments:

> F := future(300, .12, 30);
F := 0:1048489240 10

Example 2: Write a program that computes the two solutions of the genera
quadratic equation
ax®>+ bx+c=0

with the quadratic formula. Use the program to solve
3x? 5x+2=0 and x® 3x+2=0

Solution: Type the following program using a text editor (Notepad, perhaps)
and save the le ase:quad.txt
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quad := proc(a,b,c) # define the program
local soll, sol2; # local variables
soll:=(-b+sqrt(b*2-4*a*c))/(2*a); # calculate solution 1
sol2:=(-b-sqrt(b"2-4*a*c))/(2*a); # calculate solution 2
return soll, sol2; # output results

end proc; # end of program

Now load the program.
> read "e:quad.txt";
quad := proc (a; b; ¢
local soll; sol2;
soll :=1=2 ( b+sqgrt(b? 4 a c¢))=a;
sol2:=1=2 ( b sqit(k? 4 a c)=a;

return soll; sol2
end proc

To solve 3x2 5x+2=0 thecoecientsare a=3, b= 5, and c=2;
> slInl, sIn2 := quad(3, -5, 2);

sInl; sIn2 :=1; E
3

To solve x2 3x+2=0:

> a:=1 b:=-3 c¢c:=2:
> sl, s2 := quad(a, b, c);
sl;s2:=2;1

Example 3:  The velocity v(t) = 9:81t + vo (m/sec) and height h(t) =

4:90%2 + Vot + hg (m) are familiar formulas for an object moving under the
in uence of gravity, where vp and hg are the initial velocity and height when
t = 0 respectively. Write a program that calculates the height above the
ground and velocity of an object thrown vertically after a certain number of
seconds. The input should be the initial height and velocity as well as the
elapsed time.

Solution: The source code

height := proc(hO, VO, t)

local v,h;
v = -9.81*% + VO,
h = -4.905*t"2 + vO*t + hO;

return v,h;
end proc;
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Execute the program with an initial height of 100 m and an initial velocity of 5
m/s (upwards) over 3 seconds:

> read "f:height.txt";

height := proc (hO; vO; t)

local v; h;
vi= 981 t+v0;h:= 4905 t2+v0 t+ hO; return v;h
end proc
> Velocity, Height := height(100,5,3);

Velocity ; Height :=  24:43; 70:855

1.4 Conditional statements - Branching

Each program considered so far in examples has implemented f@w simple
formulas as a chain of instructions. It is often be necessarto carry out di erent
calculations depending on speci ¢ conditions (numerical @lues, logical truth of a
statement, etc.). The programming mechanism suctbranching is accomplished
with the if ... then ... else ... end if statement block.

Consider the following Maple commands. Type them into a Mapé worksheet
(using Shift-Enter to change lines) and change the values o# and b.

>a:=2.b:i=5:
if a < b then
print("a is less than b");
else
print("a is not less than b");
end if;

What happens?
"a is less than B

Example 1. A piecewise function:

( (x 1)%+2 x<0
f(x)= 2x+1 0 x 2
el (x 27 x> 2

can be de ned with a Maple program

func := proc(x) # program definition
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if x< 0 then
return -(x-1)"2 + 2; # case for x < 0
elif x<=2 then
return 2*x + 1; # case for 0 <= x <= 2
else
return 5*exp(-(x-2)"2); # case for x > 2
end if;
end proc;

> read "f:ifunc.txt";

func := proc (x)
if x< Othen return (x 1)2+2
elif x 2then return 2 x+1
elsereturn 5 exp( (x 2)?)

end if
end proc

The program distinguishes three possible options that are eparated by else
and elif instructions. The Maple statement elif stands for \else if", which
can be multiple times as needed to add more branches.

> func(-3); func(l); func(3);
14
3
5e( D

Such piecewise function can also be plotted in a graph

> plot(func,-1..3);

Structure of if blocks

The piecewise function example illustrated theif ... elif ... else ...
end if block. In general, the if block has the following structures
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. If there is a single condition, statements are executed dw if the condition

is true. Otherwise (if the condition is not true because it is eitherfalse or
FAIL ), the statement block is skipped:

if condition then
statement block
end if ;

. If there are two branches given by one condition then the tvo statement

blocks are separated by theelse command.

if  condition then
statement block 1
else
statement block 2
end if ;

Entering this if-block, the computer veri es the condition, if the answer
is \true", the statement block 1will be executed and the statement block
2 will be skipped. On the other hand, if the answer to the condition is
\false", the computer will skip the statement block land executestatement
block 2

. If there are many branches for di erent conditions, the elif (else if)

statement is used:

if condition 1 then
statement block 1

elif condition 2  then
statement block 2

elif condition n  then
statement blockn
else
nal statement block
end if ;

When this if-block runs, the Maple veri es condition 1 rst. If it is met
(true) only statement 1is executed. Ifcondition 1 is not true, the Maple
veri es condition 2, and continues this way until a condition k returns true
for the rsttime. Statement block kis executed and all other statements
are skipped. If all conditions are nottrue, the Maple executes only thethe
nal statement block. The else and nal statement block are optional.

Remarks:

Do not put a semicolon afterthen or else .
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It is good formatting style to align the if , elif , else and end if of the
same if block, and have a 3-space indentation for each statesmt block.
This makes the if-block much easier to read!

Conditions must be veri able by Maple or a "boolean error' message is
returned. More on this later.

Example 2. Suppose that in a certain course with ve 100-point exams the
course grade will be determined by the scale: A for 90% or abey B for 80%
or above but less than 90%, C for 70% or above but less than 809 for 60%
or above but less than 70% and F for any score below 60%. Write program
that with the input of the total points received on the ve tes ts, prints (1) the

course grade, (2) a borderline warning if the score is withinl% of the next
higher grade.

Solution:

grade := proc(points)
local g;

if points >= 450 then

g = "AY
elif points >=400 then
g ="B"

if points > 445 then g := "B, but borderline A"; end if;
elif points >= 350 then

g :="c"

if points > 395 then g := "C, but borderline B"; end if;
elif points >= 300 then

g = "D"

if points > 345 then g :
else

g ="F

if points > 295 then g :
end if;

"D, but borderline C"; end if;

"F, but borderline D"; end if;

return g;
end proc;

> read "f:grade.txt":
> grade(367);
\C"
> grade(397);
\C, but borderline B"
> grade(310);
\D"
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Example 3 . (Techniques in this example will be used later in probabilty
simulations). Suppose we number a standard deck of cards fro 1 to 52, such
that

hearts: 1-13; spades: 14-26, diamonds: 27-39, clubs: 40-52
and in each suit, cards are numbered in the following order:
ace, 2, 3, 4,5, 6,7, 8,9, 10, jack, queen, king

Write a program that prints the number associated with the card given the
card name (e.g. 3, spade, or jack, diamond). We will need to n a way to
distinguish between cards with names and cards identi ed bynumber. For this
we use Maple's ability to distinguish data types.

Data types

Maple classi es data by type. (Try ?type for the help entry). Data types are
covered in more detail in section 5.2. We need to specifpumeric and string
types in this problem. Card values 2, 3, ..., 10 are numeric. Asequence of
characters within a pair of double quotes \ " is called a string. A string carries
no numeric value. For example, \ace", \jack", \queen", and \ king" are strings.
By comparison, ace, jack, queen and king without quotes are ariable names
that can be assigned values. The functiontype(expression, type name)

will return either true or false depending on whether the expression matches
the type name. For instance:

> type(3.5,string);

false
> type(3.5,numeric);

true
> type(queen, string);

false
> type("queen”,string);

true
>  Value:=6: type(Value,numeric);

true
> ax="king": type(a,string);

true

This example program also deals with input error in an elegahway.

Now the program:

# program that numbers a card in a deck from 1-52
# input: rank --- "ace",2,3,...,10,"jack","queen", or "ki ng"
# suit --- "heart", "spade", "diamond", or "club"
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#  output: n --- the number of the card (1-52)
#
CardNumber := proc(rank, suit)

local order, number;

if type(rank,numeric) then
order := rank;
elif type(rank,string) then
if rank = "ace" then order := 1,
elif rank = "jack" then order := 11;
elif rank = "queen" then  order := 12;
elif rank = "king" then order := 13;
else
return “"Error: wrong input for rank";
end if
else
return “"Error: wrong input data type for rank";
end if;

if  suit = "heart" then number := order;
elif suit = "spade" then number := 13 + order;
elif suit = "diamond" then number := 26 + order,;

elif suit = "club" then number := 39 + order;
else

return "Error: wrong input for suit";
end if;

return number;
end proc;
> read "f:cardnumber.txt":
> CardNumber(3,"diamond");
29
> CardNumber("king","club");
52
> CardNumber(queen,heart);

\Error: wrong input data type for rank"

1.5 Common errors

Beginning Maple programmers often make simple errors that ee easy to avoid.
Some of such errors are listed below.

Forgetting the colon or semicolon at the end of an instructio. If a
colon/semicolon is missed inside the program, Maple would ansider the
line is not ended and continue reading the next line. Consegently, an
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error message may point to the line below. Missing a colon/smicolon at
the "end proc" will get a message "unexpected end of input".

Forgetting to close an if-statement with theend if (and coming later,
closing the do-loop with the end do).

Boolean error in an if-statement. An if-statement must be written so
that the logical tei} can be carried out by Maple. FBr_exampIe Maple
cannot verifythat = 5> 1. When variable s carries = 5, the statement
such as

if s > 1 then

will return a message saying \Error, cannot determine if this expression
is true or false: 1< 5” (1=2)." To resolve the problem one could use

if evalf(s) > 1 then
instead.

lllegal use of a formal parameter. For example,

> formal := proc(a)
a = a+ 2 # attempt assignment to a that is an input argument
end;

> formal(3.5);

Error, (in formal) illegal use of a formal parameter

Maple does not allow input variables to be changed inside a prgram (as
a precaution for when programs are nested). This error messgg appears
during execution of the program. The x is to pass the values d the

input to local variables:

> formal:=proc(a)

local b;
b = g # pass the value from a to b
b:=>b+ 2

end;

1.6 Writing a project report on a Maple work-

sheet

Maple worksheet can be used as a word processor to combine rhamatical
computing with scienti ¢ writing. When the cursor is at the p rompt [> in
a classic worksheet, clicking theT botton of the toolbar makes the prompt
disappear so that text can be typed in that line. In such a text mode, clicking
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the  button enables the user to enter nonexecutable stardard mathematical
expressions in a text region.

The report editing features of a Maple worksheet are intuitive. A sample project
report is shown in Figure 1.4.

ElMaple 10
B Fle Edit
PEREE [ Bl

P Normel ~ | [TimesNewRoman  ~ | [12 +

led (2) - [Server 1]] E@

t Format Window  Hel

Project

Jane Doe

Problem 1. Write a program to compute and output the volume and surface area of circular cylinder using radiug and height as
input items.

Solution: The source code:

cylinder := proc(r,h) # program definition
local b, ¢, v, s: 4 local variables
b = Bi * Y2 # base area
c 2% Pi % 2 # base circumference
v ot=evalf( b * h ): # volume
s = evalf( 2%b 4 cfh J3 # surface area
return v, s; # output

end proc;

Test execution:
> read "ficylinder.txt":
> voll, surfl := cylinder(10,25);

vol, surf=7853.981635, 2199.114858
> vol2, surf2 := cylinder(6.6, 7.8);

vol2, surf2 =1067.412653, 597.1539317

i ] r ; 2 2 e
Problem 2. Write a program to compute/output the two solutions of a quadratic equation ¢ x~ + £~ +c = 0 with input argument
a,b,c.

Solution: The source code:

quad := proc(a,b,c)
local soll, sol2;

*

define the program
local variables

*

s0l1l:
s0l2:=

*

calculate solution 1

=btagrti{b2=4*a*a] ) /(2%a
/(2%a calculate solution 2

(-b-sqrt (br2-d*a*c) )/ (

)

*

return soll, sol2;
end proc:

#

output results

Test execution:
> read "f:quad.txt":
> sl, s2 := quad(3,4,5);

Time: 225 | Bytes: 320K | Available:1.04G

Figure 1.4: A sample project

1.7 Exercises

1. Using Maple interactively For a given function

g(x) = 3x%e’™;
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(a) use Maple to graph and to nd the local extrema of the function, and
(b) nd its derivative and antiderivative.

2. A fuel tank problem On the NPR radio program Car Talk, Tom and

Ray Magliozzi (Click and Clack, the tappet brothers) took a question
from a truck driver whose fuel gauge was not working. As with nost 18-
wheelers, the fuel tank was a circular cylinder, attached hazontally. The

caller had decided that instead of xing his fuel gauge he wold mark a
wooden rod to dip into the tank (until it touched the bottom) a nd that
way tell how much fuel was left. He asked Tom and Ray where the /4
and 3/4 marks should be made, because he was clear that it is sq to
mark the full line, and half-way down would be the 1/2 tank mark. (The
Magliozzi brothers had a quick solution: nd an identical tr uck with a
working gauge and follow it around until it has either 1/4 or 3/4 tank.

Then, put the rod in the tank, and mark it!)

You can do better. Assume the depth of the tank isF. At what fraction
of F should he mark the stick for 1/4 and 3/4 fuel levels? Write an
equation describing this problem (a de nite integral with one unknown
limit = a constant), and use the Maple fsolve command to solve for the
unknown limit. Show your work. (Hint: since the volume of the cylinder
is proportional to the circular base, how do you cut a semi-ccle, or better
yet, a quarter of a circle, so that you split the area in half? Ad do not
forget that your equation of a circle is likely to have arangef 1 h 1
and not 0 h F. Answer: 3/4 level at :701986)

3. A mortgage problem Let $A be the amount of a mortgage,n the total

number of payments,i the interest rate per period of payment. Then the
mortgage payment R per period is given by the formula:

Ai
1 @+im

Write a program that, for input: p;r;y;d as price of the purchase,
annual percentage interest rate, number of years, and downgyment
percentage respectively, calculates and prints the monthl payment
amount.

Use your program to calculate the monthly payment of a $180,00
house, 20% down, 7.75% annual interest rate for 30 years.

Use your program to calculate the monthly payment of a $15,00 car,
10% down, 9.25% annual interest, rate for 5 years.

4. Geometry of a circle

Write a program that displays the radius, circumference, ard area of a
circle with a given diameter.
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Escape velocity

Theoretically, a stone you launch upward can escape the qbral&y into space
if you throw it hard enough. This escape velocityis vo = 2GM=R m/s
where G = 6:67 10 ' (mks units), R is the radius of the planet and M
is the mass of the planet. Write a program that computes vo. Run it for
earth (M =5:98E24 kg, R =6:378E6 m) and the moon (M = 7:35E22
kg R =1:7386 m). Search the internet and nd data on other planets
in the solar system, and compute their escape velocities.

. Parallel resistors

When three electrical resistors with resistanceR;, R, and Rz respec-
tively are arranged in parallel, their combined resistanceR is given by the

formula
1 1 1 1
= + +

R Ri Rz Rs

Write a program that calculates R given the input of R1, R, and R3.

. Cost calculation

A small company o ers a car rental plan: $20.00 a day plus $0.@/mile
for up to an average of 200 miles per day. There is no additioracost per
day for more than 200 miles (e.g., 3 days with 500 miles cost $D while 3
days with 800 miles cost $120). Write a program that calculaes the total
rental fee given the number of days rented and the total distace traveled.
Show results for 5 days with 800 miles, and 5 days with 1450 ngk.

. Cost calculation 11

A travel agency o ers a Las Vegas vacation plan. The price fora single
traveler is $400. If a traveler brings companions (8 or less)each com-
panion receives a 10% discount. A group of 10 or more receives 15%
discount per person (including the rst traveler). Write a p rogram that
calculates the total price of the trip given the number of travelers. Show
results for 1, 8, 9, 10 and 12 travelers.

. Temperature

Write a program that converts temperature values from Fahrenheit to Cel-
sius or vice versa. One possible calling sequence could lolite the sample
output below where the second argument determines which carrsion is
used.

Avoiding loss of signi cance in the quadratic formula

The loss of signi cance that can occur from the direct appliation of the
standard quadratic formula to solve ax? + bx+ ¢ = 0 was discussed in
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this chapter, For example, we looked at the caséd > 0 and claimed that
_ b+ P 4ac _ 2c ;
X1 = can be replaced byx; = —pP~&=——_ which
s
! a P Y b ® dac
has no added roundo error.

Show that x; = a_>c<2 and that x, = axil To show this rationalize the

numerator (for example, for x; multiply and divide by b P k¥ 4ac)and
simplify. A simpler way to demonstrate this is to start with ax+ bx+ ¢ =
a(x  xp)(x  Xp2) (why is this true?) and show that ¢ = ax;x,. The
alternate formula for x; should be used ifb > 0 in place of the standard
form, and the one forx, whenb < 0.

Avoiding loss of signi cance in the quadratic formula, part 2

Modify the program quad (page 20) to incorporate the formulas from the
previous problem (be careful, there are two casesh 0 orb < 0).

Real solutions to a quadratic equation

For the general quadratic equation ax?>+ bx+ c¢=0 with a6 0, the
discriminantis = K 4ac, such that

if > 0, the equation has two real solutions;

if = 0, the equation has a single real solution (a double root)
- b.
X= oz

otherwise (< 0) the equation has no real solutions.

Write a program that determines the number of real solutionsfrom input
a; b; c using the discriminant. If there are one or two solutions, réurn the
solution(s). Otherwise, return a message: \There are no relasolutions”

More on quadratic equations

The quadratic equation problem above can be extended to a margeneral
case: if a=0, the equation is reduced to a linear equation and there is
only one real solution x = & if b is nonzero. If both a=0 and

b= 0 the equation is invalid. "Write a program that calculates t he real
solutions of a quadratic equations for all these cases.

Card identi cation

(See Example 3 in Section 1.3) Write a program that given a cadl number
identi es the corresponding card name from a deck of 52 playig cards.

Sample results
> read(‘a:numcard.txt’):
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> numcard(1);

The card is the ace of hearts.
> numcard(25);

The card is the queen of spades.
> numcard(30);

The card is the 4 of diamonds.
> numcard(0);

Error: the input must be between 1 and 52.
> numcard(55);

Error: the input must be between 1 and 52.
> numcard(45);

Error: the input must be between 1 and 52.

15. Tax schedule

The following is the 1996 federal income tax schedule. Writea program
to calculate taxes, given as inputStatus and Taxablelncome

Status 1 (single)

Taxablelncome Tax
0 - 23,350 0.15*Taxablelncome
23,350 - 56,550 3,502.50+ 0.28*(TaxableIncome- 23,350)
56,550 - 117,950 12,798.50+ 0.31*(Taxablelncome- 56,550)
117,950 - 256,500 31,832.50+ 0.36*(Taxablelncome-117,95 0)
256,500 - up 81,710.50+0.396*(Taxablelncome-256,500)

Status 2 (Married filing jointly or Qualifying Widow(er)

Taxablelncome Tax

0 - 39,000 0.15*Taxablelncome
39,000 - 94,250 5,850.00+ 0.28*(TaxableIncome- 39,000)
94,250 - 143,600 21,320.00+ 0.31*(Taxablelncome- 94,250)
143,600 - 256,500 36,618.50+ 0.36*(Taxablelncome-143,60 0)
256,500 - up 77,262.50+0.396*(Taxablelncome-256,500)

Status 3 (Married filing separately)

Taxablelncome Tax

0 - 19,500 0.15*Taxablelncome
19,500 - 47,125 2,925.00+ 0.28*(TaxableIncome- 19,500)
47,125 - 71,800 10,660.00+ 0.31*(Taxablelncome- 47,125)
71,800 - 128,250 18,309.25+ 0.36*(Taxablelncome- 71,800)
128,250 - up 38,631.25+ 0.396*(Taxablelncome-128,250)

Status 4 (Head of household)
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Taxablelncome Tax
0 - 31,250 0.15*Taxablelncome

31,250 - 80,750 4,687.50 + 0.28*(Taxablelncome- 31,250)
80,750 - 130,800 18,547.50+ 0.31*(Taxablelncome- 80,750)
130,800 - 256,500 34,063.00+ 0.36*(Taxablelncome-130,80 0)
256,500 - up 79,315.00+ 0.396*(Taxablelncome-256,500)

Sample results

>

>

>

read(‘a:taxschdl.txt’)
status:=2: Taxablelncome:=56890:
taxschdl(status, Taxablelncome);
10859.20
status:=4: Taxablelncome:=35280:
taxschdl(status, Taxablelncome);
5975:90
status:=1: Taxablelncome:=2590000:
taxschdl(status, Taxablelncome);

:1005776500 10

1.8 Projects

1. Number Line

Suppose your computer represents oating point numbers (inbinary) using
the following form x = (sign)(0 :bybybs) 2° where theh, i =1;2;3 can be
O or 1 andecan be 1;0;1. How many numbers can be represented? Are
there any repetitions? What happens if you seth; = 17

2. Quadratic Equations

Build on what has been done in the exercises on the quadraticgeation
to write a program that solves all cases: invalid input, linear case, real
roots (single or double), and complex roots. Use the formula that avoid
roundo error for the real roots.

Hand in:

program code (text le);

a Maple worksheet with output similar to what is given below, includ-
ing comparison with the quad program (using the standard formulas)
(page 20);

a paragraph explaining the cases considered, the derivatioof the
formulas used, and the roundo error you observed. The last wo
output lines can help you discuss roundo, sincec = ax;x,. Why?

> quad2(0,0,1);

This is not a valid equation.
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> quad2(0,2.,-1);

This is a linear equation with solution x=.5000000000.
> quad2(1,0,1);

The complex roots of this equation are:
I; |
> quad2(1,1,1);

The complex roots of this equation are:
1.1,pP, 1 1 P

> quad2(1,2,1);

There is one real root of multiplicity 2, x=.1.
> quad2(3.1,1321,.25);quad(3.1,1321,.25);

The real roots of the equation are
x=-.0001892506518 and x=-426.1288430.

The solutions are -.0001891935484 and -426.1288430.
> quad2(3.1,-1321,.25);quad(3.1,-1321,.25);

The real roots of the equation are
x=426.1288430 and x=.0001892506518.

The solutions are 426.1288430 and .0001891935484.
> 3.1*426.1288430*.1892506518e-3;

12499999999



